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restart:

interfacg warnlevet 0) : # M aple 12
with( LinearAlgebrg :

with( Bits) :

Setting$ defaultbits 9) :

I
\

V VYV

VO vVive V3 V4 Vb6 V6 V7 VB V9 V10

Execution flag
gp = 1: qubit-flip and phase-fliplast qubit
= 2 : qubit-flip and phase-flipzAt
3 : qubit-flip and phase-flip3at

> gp:==1:

1

Utility functions

E> K := proc(a, b) return KroneckerProdudat ab) end proc:
[> T := proc(x) return Transposé xend proc:
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>

[>
[>
[>

>

>

VSte:= proc(n) #enerates a list of computational states forubits

local i, L; #e.g. n=2= | 00) [01) |10/ |11/ |

L := Matrix(1, 2");
Setting$ defaultbits n);
for i from 1to 2" do
L[1,i] := cat( |, String(i— 1, msbfirsy, ")");
end do;
# print(L);
returnlL; #returns Matrix L
end proc:

Utility matrices

12 := ldentityMatrix(2) :

14 := IdentityMatrix(4) :
I8 := ldentityMatrix(8) :
Utility Operators
Uz := RowOperatiof 122, -1); #phase-flip operator
1 0
Uz:=
0 -1
Ux := RowOperation 12[1, 2]); #qubit-flip operator
01
Ux:=
10
CNOT:= RowOperation 14[3, 4]); _ _
1000
0100
CNOT:=
0001
0010
G23:= RowOperation 142, 3]); #qubip-exchange_operator
1000
0010
G23:=
0100
0001
1 .
H:= ——Matrix([[1, 1], [1,-1]]);
J2
1 1
1z Lz
2 2
H:=
Lz 4

)

)

©)

(4)

®)



>

> M2 = Multiply(

M1- M6, H3, and QPF matrices/operators

M1 :=

K(CNOT, 12);

> H3:=K(H,KH,H)):

/8 -H3'=/8H3;

V8 H3=

M1:

K(G2312), Multlply(

M2:
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> M3 := K(K(K(CNOT, I12), K(CNOT, 12)), K(CNOT, 12)); # large matrix 8 by 29

512 x 512 Matrix |

Data Type: anythin
M3 = yp ytning ©)
Storage: rectangular

Order: Fortran_order

> M4 == K(Multiply (K (G23, 12), Multiply (K (12, CNOT), K(G23,12))),
K Multiply K G23, 12, Multiply (K (12, CNOT), K(G23,12))),
Multiply K G23, 12, Multiply (K (12, CNOT), K(G23,12))));

512 x 512 Matrix |

Data Type: anythin
M4 := ype: anyiing (10)
Storage: rectangular

Order: Fortran_order

M6 matrix/operator isavariation of the Toffoli gate. The 2nd and 3rd qubitsarethe
control gubits. When the state of both qubitsequal " 1" the 1st qubit is" flipped"

6|OO(> + Cl|001> + 02|Olg + c3|011> + c4|10(> + c5|101> + 06|11(> + c7|111>
‘E)|OO(> + Cl|001> + 02|019 + c3|111> + c4|10(> + c5|101> + °6|11(> + c7|011>

:> M6 := RowOperation 18] 8, #);

(100000 0 O
01000000
00100000
vg.| 00000001 1)
00001000
00000100
00000010
00010000
> M5 = K(K (M6, M6), M6);
512 x 512 Matrix |
M5 = Data Type: anything (12)

Storage: rectangular

Order: Fortran_order



QPF: qubit error operator

:> if gp=1then
QPFE := K(Multiply(Ux Uz), IdentityMatrix(2%) )
# phase-flip & qubit-flip errors on the first qubit

elif gp=2then

QPF := K (12, K(Multiply(Ux Uz), IdentityMatrix(27) ) ); # phase-flip & qubit-flip at 2
elif gp=3then

QPF := K (14, K(Multiply(Ux, Uz), IdentityMatrix(2°) ) ); # phase-flip & qubit-flip at 3
end if;

512 x 512 Matrix |

Data Type: anythin
QPF:= yp yiing (13)
Storage: rectangular

Order: Fortran_order

L

VO = (a|0) + B|1)) ®|0)®|0) =|000) + B|100)
The decimal representation: «/000) + B|100)=o|0) + B|4)

> n:=3:
ql:= Matrix([[a], [B]]) 1 # |0/ + A1)
02 := Matrix([[1], [0]]): # [D
g3 := Matrix([[1], [0]]): # O/
Co0:= K(K(g1,92),93) :
St:= Transposé¢ VSi{a)) :
[VO/) := Multiply(T(Co0), St)[1, 1];

IVO):= o [000)+ 8 |100/ (14)
V1i=M1-VO
=M 1(c|000) + B|100))
= o/000) + B|110)
=a/0) + B|6)
"> Col:= Multiply(M1, Co0) :

[V1):= Multiply(T(Col), St)[1, 1];
IV1):= 0.|000/+ B |110) (15)




V2=M2-V1
=M 2(c|000) + B|110))
= o000) + B|111)
= a/0) + B[7)
= 0/0)0)0) + 11D

"> Co2:= Multiply(M2, Col) :
[V2):= Multiply(T(Co2), St)[1, 1];
[V2):= 0|000)+ B 111/ (16)

The Hadamard H3 matrix/operator

ﬁ
V3=H3-V2
=o(H|0)® H|O)® H|0)) + B(H|)® H |)® H|1)

[|0+|1 ] [ |1 J (|0+|1>)
+B®( 10-12) ] [ |0 2 )®[ 0)- |1>)
J2 /2 J2
V3=0/000) + &|001) + ¢/010) + &¢/011) + o100) + ¢|101) + ¢|110) + or|111)
+ B|000) - B|001) - B|010) + B|011) - B|100) + B|101) + B|110) - B|111)
|7\§3 = (a0 + B)I0) +(a - B)I2) +(a - B)|2) +(a + B)[3) + (e - B)I4) +(a + B)I5) +(a + B)6) +(ct - B)

> Co3= simplify(v/8 Multiply(H3, Co2)) :
[V3):= Multiply(T(Co3), St)[1, 1];

[V3):= (. + B) |000)+ (o —B) |001)+ (oo —B) [010)+ (e +B) [011)+ (oo — B) |100/+ (o (17)
+B) 110D+ (o +B) 11100+ (o —B) [111)



9-qubit code =2 gates L arge one column matrix: 512 by 1
|000000000) —|0)
|000000001) —|1)

!
1111111111) — [511) or octal [777),

v = o 28 ol (17412 oo (1412 ol
J2 J2 J2
+ B[—|O>‘|l> )®|00>® (—|0>'|1> )®|00>® (—|0>'|1> )®|00>
2 2 /2
V4 = (a + 3)|000000000) +(a: - B)|000000100) +(a - £)[000100000) +(at + B)|000100100)

+(a. - B)|100000000) +(o. + $)|200000100) +(a + B)|100100000) +(at - B)[100100100)

V4 = (o + B)[0), +(a - B)I4), +(a - B)|40), +(a + B)44),
+ (o - B)400), +(a + B)[404) , +(ax + B)[440) , +(at - B)[444),,

V4 = (o + B)I0) +(a - B)I4) +(a - B)I32) +(a + B)|36)
+ (0 - B)|256) +(a + B)|260) +(a + $)288) +(a - $)|292)

:> n=9:

1 .

ga:= ——Matrix([[1], [1]]) : # 10+ D
7z |9+ |

1 .

gb:= ——Matrix([[1], [-1]]): # [0- |D
J2

g2 := Matrix([[1], [0]]) : # )0

g3 := Matrix([[1], [0]]) : # )0

A= a-K(K(ga K(g2 g3)), K(K(ga K(g2 g3)), K(qa K(g2,93)))) :
B := B-K(K(qgb, K(g2 q3)), K(K(qgb, K(a2 q3)), K(gb,K (g2 g3)))) :

Co4 = simplify (V8 (A +B)) :
St:= Transposé VS{8)) :
[V4) := Multiply(T(Co4), St)[1, 1];

IV4):= (o + B) 000000000+ (o — B) [000000109+ (o — B) [000100000+ (0. + B) [000100100 (18)
+ (o —B) |200000000+ (ot + B) [100000109+ (o + ) [100100000+ (o — ) |100100100




V5=M3-V4
= (¢ + B)[0), +(a - B)I6), +(at - B)|6O), +(a + B)I66),
+(a - B)|600), +(a + B)|606), +(ax + B)|660),, +(a: - B)|666),

> Co5:= Multiply(M3, Co4) :
[V5):= Multiply(T(Co5), St)[1, 1];

IV5):= (o + B) |110000110+ (o + B) 110110000+ (o — B) [110110110+ (o — B) [000000110 (19)
+ (. —B) 000110000+ (o + B) [000110110+ (o — B) |110000000+ (o + B) 000000000

V6=M4- V5
= (e + B)[0), +(a - B)I7), +(a - B)[70), +(a + B)I77),
+(a - B)[700), +(a + B)[707), +(a. + B)[770), +(a. - B)[777),

> Co6:= Multiply(M4, Co5) :
[V6) := Multiply(T(Co6), St)[1, 1];
IV6):= (0. — B) [000000112+ (0. — B) [000111000+ (o + B) [000111113+ (o — B) 111000000 (20)
+ (0 B) 111000113+ (o + B) [111111000+ (o — B) [111111113+ (o + B) [000000009

Qubit Error: QPF
A phase-flip error on thefirst qubit

o|0) + B|1) — ]0) - B|1)
or
of+)+ B|-) — of-) + B|+)

A qubit-flip error on thefirst qubit
a|0) + B|1) — of1) + BlO)

Both typesof errors
a|0) + B|1) — 1) - B|0)

o[ 1000+111)\ | (]100)-|011)
e ) )
B[ 1000)-|111) j R B[ |100)+|011) )

J2 J2




ifgp=1
V7 = QPF- V6
= (o + B)|400, +(a - B)|407), +(o. - B)|470Q, +(o + B)[477,

H-o + B)|300, +(-a - B)[307), -(a - B)[37Q,, +(-a + B)[377),

> Co7:= Multiply(QPF, Co6) :
IV7):= Multiply(T(Co7), St [1, 1];

IV7):= (-o.+ B) |011000000+ ( -0 — ) [011000111+ (-0 —B) [011111000+ ( - (21)
+B) [011111113+ (o + B) |200000000+ (o — B) |100000112+ (o —B) [100111000+ (o
+B) |100111113

ifgp=1
V8 =M4- V7
= (o + B)|500, +(a - B)|508, +(a. - B)|560,, +(o + B)[566,,

H(-a. + B)|300,, +(-o - B)[306,, +(-c. - B)|360,, +(-a + B)|360),

> Co8:= Multiply(M4, C07) :
[V8):= Multiply(T(Co8), St)[1, 1];

[V8):= (-a—B) |011000110+ ( -o. — B) |011110000+ ( -0+ B) [011110110+ (o (22)
+ ) |101000000+ (o — ) [101000110+ (o —B) |101110000+ (o + B) 101110110+ (
-0+ B) |011000000

ifgp=1
V9 =M3-V8
= (o + B)[700, +(ct - B)[704, +(o - B)|740, +(o + B)[ 744,

-+ 1300, +(-a - {304, + (<t - BI340, +(c.- £)|344,

> Co9:= Multiply(M3, C08) :
[V9):= Multiply(T(Co9), St)[1, 1];

IV9):= (-o.+B) [011000000+ ( - — B) [011000100+ (- — B) [011100000+ ( - o (23)
+B) |011100100+ (o + B) 111000000+ (o — B) |111000100+ (o — B) [111100000+ (o
+B) |111100100




ifqp=1
V10 = M5- V9

= (o + B)I300, +(a - B)I304, +(a - B340, +(a + )|344,
H-a + B)[700, +(-0.- B)[ 704, +(o: - B 740, +(-: + B)744,

"> Co010:= Multiply(M5, Co9) :
IV10):= Multipiy(T(Co10), SY[1, 1];

IV10):= (o + B) 011000000+ (o — B) [011000100+ (0. — B) [011100000+ (ot
+B) [011100100+ ( -c + B) |111000000+ (-0 — B) |111000100+ ( -0 — B) |111100000

+ (-o+B) |111100100
ifgp=1

V10 = Q[MJ ®‘11>® (M] ®‘00>® [ 0)+]2)

z [z

07 e U el

[z z

(01 ®|11H® g4 ®|00® q7 ®|00) + B(0l®|11)® g4 ®|00® q7 ®|00))

Now working with the st 4N g 7™ qubits

10 =O{ 0-12) J . [ 0)+[2) J . ( 0+ ) .\ B(

/2 /2 J2

Apply the H3 operator

V11l =H3:- V10
=0|100+B]011)
|4+p|3

:> if gp=1then
simplify( (o-K(gb, K(ga, qa)) + B-K(ga K(gb,qb)))) :
elif gp=2then
simplify( (o-K(ga, K(gb, qa)) + B-K(gb, K(ga qb)))) :
elif gqp=3then

simplify( (o-K(ga K(ga gb)) + B-K(gb, K(gb, qa)))) :

endif :

Coll:= simplify Multiplyt H3 %) ) :
St:= Transpose VS(8)) :

[V11):= Multiply(T(Col11), St)[1, 1];

IV11):= B |01+ o |100/

(24)

(25)



ifqp=1

V12 = M2- V11
= M2¢|100+p|012
=|102+B]|01 1)
=0|5+B|3

Co12:= Multiply(M2, Co1l) :
[V12):= Multiply(T(Co12), St)[1, 1];

V12):= B]011)+ o |101)
ifgp=1
V13 =M1-V12
= M1¢|102+p|012
=|112+B|011)
| H+B|3
Co13:= Multiply(M1, Co12) :
[V13/):= Multiply(T(Co13), St)[1, 1];
V13):=B|011)+ o |112)
ifgp=1
V14 =M6- V13
= M6¢|1121+p|012

|01D+B|112
=0|3+B|7
which can be re-written as

V14 = (0+BID) ®[1)®|1)

if qp = 2 therV14 = ¢]010+|110 = «|2)-+B|6)
if gp = 3 then V14 5|0021+B|101 = a|1)+p|D

> Col4:= Multiply(M6, Col13) :

[V14):= Multiply(T(Co14), St)[1, 1];
[V14):= 0|01+ B |111)
Compareto VO
V0= (o0} + B|1)) ®|0)®|0)
=|000) + B|100)
= 0l|0)+B|4)

> |VO):= Multiply(T(Co0), St [1, 1];

IVO):= 0, |000)+ B |100)

(26)

(27)

(28)

(29)



