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restart;

interface warnlevel= 0 :              #     Maple 12
with LinearAlgebra :

                 Chapter 7 Problem 5 

TP d proc M1, M2  return  KroneckerProduct M1, M2   end proc:

Defining matrices

I2 := IdentityMatrix 2 ;
X := Matrix 0, 1 , 1, 0 ;
Y := Matrix 0,Ki , i, 0 ;
Z := Matrix 1, 0 , 0,K1 ;

H :=
1

2
XCZ :

 ' 2 $H' = 2 $H;
CNOT:= RowOperation IdentityMatrix4 , 3, 4 ;

I2 :=
1 0

0 1

X :=
0 1

1 0

Y :=
0 Ki

i 0

Z :=
1 0

0 K1

2  H =
1 1

1 K1

CNOT:=

1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0
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        Bell's Matrices
Belld Multiply CNOT, TP H, I2 :

 ' 2 $Bell' = 2 $$$$ Bell; 
IBell := MatrixInverse Bell :    #   H5I2 CNOT

 ' 2 $IBell' = 2 $IBell;

2  Bell =

1 0 1 0

0 1 0 1

0 1 0 K1

1 0 K1 0

2  IBell =

1 0 0 1

0 1 1 0

1 0 0 K1

0 1 K1 0

Defining qubits in matrix form 

              |ADDDD  =  a0|0DDDD  +  a1|1DDDD
              |BDDDD  =  b0|0DDDD  +  b1|1DDDD

              |C1DDDD  =  |ADDDD 5555 |BDDDD  =  ( a0|0DDDD  +  a1|1DDDD ) 5555 ( a0|0DDDD  +  b1|1DDDD )

                        |C1DDDD  =  a0b0|00DDDD + a0b1|01DDDD + a1b0|10DDDD + a1b1|11DDDD

A := Matrix a 0 , a 1 ;
B := Matrix b 0 , b 1 ;
L d Transpose Matrix |00D, |01D, |10D, |11D : 
C1 := TP A, B ;
 |C1D= Multiply Transpose C1, L 1, 1 ; 

A :=
a0

a1

B :=
b0

b1

C1 :=

a0 b0

a0 b1

a1 b0

a1 b1

|C1D= a0 b0 |00DCa0 b1 |01DCa1 b0 |10DCa1 b1 |11D
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 Problem 5a
Stage 1

G1d TP I2, H ; S1d Multiply G1, C1 ;
|S1D = simplify factor  combine Multiply Transpose S1, L 1, 1 ; 

G1 :=

1
2

 2
1
2

 2 0 0

1
2

 2 K
1
2

 2 0 0

0 0
1
2

 2
1
2

 2

0 0
1
2

 2 K
1
2

 2

S1:=

1
2

 2  a0 b0C
1
2

 2  a0 b1

1
2

 2  a0 b0K
1
2

 2  a0 b1

1
2

 2  a1 b0C
1
2

 2  a1 b1

1
2

 2  a1 b0K
1
2

 2  a1 b1

|S1D=
1
2

 2  a0 b0 |00DC |00D a0 b1C |01D a0 b0Ka0 b1 |01DCa1 b0 |10DC |10D a1 b1C |11D a1 b0

Ka1 b1 |11D

Stage 2
G2d CNOT: S2:= simplify Multiply G2, S1 ;
|S2D = simplify factor  combine Multiply Transpose S2, L 1, 1 ; 

S2:=

1
2

 2  a0 b0C
1
2

 2  a0 b1

1
2

 2  a0 b0K
1
2

 2  a0 b1

1
2

 2  a1 b0K
1
2

 2  a1 b1

1
2

 2  a1 b0C
1
2

 2  a1 b1

|S2D=
1
2

 2  a0 b0 |00DC |00D a0 b1C |01D a0 b0Ka0 b1 |01DCa1 b0 |10DK |10D a1 b1C |11D a1 b0

Ca1 b1 |11D
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(7)(7)

Stage 3
G3:= TP I2, H ; S3:= simplify Multiply G3, S2 ;
|S3D = Multiply Transpose S3, L 1, 1 ; 

G3 :=

1
2

 2
1
2

 2 0 0

1
2

 2 K
1
2

 2 0 0

0 0
1
2

 2
1
2

 2

0 0
1
2

 2 K
1
2

 2

S3:=

a0 b0

a0 b1

a1 b0

Ka1 b1

|S3D= a0 b0 |00DCa0 b1 |01DCa1 b0 |10DKa1 b1 |11D

    Overall composition

                      G = G3G2G1
                      G|C1DDDD = |C2DDDD

                      |C1DDDD  =  a0b0|00DDDD + a0b1|01DDDD + a1b0|10DDDD + a1b1|11DDDD
                      |C2DDDD  =  a0b0|00DDDD + a0b1|01DDDD + a1b0|10DDDD -  a1b1|11DDDD

G := Multiply G3, Multiply G2, G1 ; C2 := Multiply G, C1 ;
 `|C1D̀ = Multiply Transpose C1, L 1, 1 ;  
 |C2D= Multiply Transpose C2, L 1, 1 ;  

G :=

1 0 0 0

0 1 0 0

0 0 1 0

0 0 0 K1

C2 :=

a0 b0

a0 b1

a1 b0

Ka1 b1

|C1D= a0 b0 |00DCa0 b1 |01DCa1 b0 |10DCa1 b1 |11D

|C2D= a0 b0 |00DCa0 b1 |01DCa1 b0 |10DKa1 b1 |11D
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 Problem 5b

Stage 1

G1:= TP H, H ;
S1:= simplify Multiply G1, C1 ;
 |S1D = Multiply Transpose S1, L 1, 1 ;

G1:=

1
2

1
2

1
2

1
2

1
2

K
1
2

1
2

K
1
2

1
2

1
2

K
1
2

K
1
2

1
2

K
1
2

K
1
2

1
2

S1:=

1
2

 a0 b0C
1
2

 a0 b1C
1
2

 a1 b0C
1
2

 a1 b1

1
2

 a0 b0K
1
2

 a0 b1C
1
2

 a1 b0K
1
2

 a1 b1

1
2

 a0 b0C
1
2

 a0 b1K
1
2

 a1 b0K
1
2

 a1 b1

1
2

 a0 b0K
1
2

 a0 b1K
1
2

 a1 b0C
1
2

 a1 b1

 |S1D =
1
2

 a0 b0C
1
2

 a0 b1C
1
2

 a1 b0C
1
2

 a1 b1  |00DC
1
2

 a0 b0K
1
2

 a0 b1C
1
2

 a1 b0

K
1
2

 a1 b1  |01DC
1
2

 a0 b0C
1
2

 a0 b1K
1
2

 a1 b0K
1
2

 a1 b1  |10DC
1
2

 a0 b0K
1
2

 a0 b1

K
1
2

 a1 b0C
1
2

 a1 b1  |11D
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Stage 2

G2d CNOT: S2:= simplify Multiply G2, S1 ;
|S2D = Multiply Transpose S2, L 1, 1 ; 

S2:=

1
2

 a0 b0C
1
2

 a0 b1C
1
2

 a1 b0C
1
2

 a1 b1

1
2

 a0 b0K
1
2

 a0 b1C
1
2

 a1 b0K
1
2

 a1 b1

1
2

 a0 b0K
1
2

 a0 b1K
1
2

 a1 b0C
1
2

 a1 b1

1
2

 a0 b0C
1
2

 a0 b1K
1
2

 a1 b0K
1
2

 a1 b1

|S2D=
1
2

 a0 b0C
1
2

 a0 b1C
1
2

 a1 b0C
1
2

 a1 b1  |00DC
1
2

 a0 b0K
1
2

 a0 b1C
1
2

 a1 b0

K
1
2

 a1 b1  |01DC
1
2

 a0 b0K
1
2

 a0 b1K
1
2

 a1 b0C
1
2

 a1 b1  |10DC
1
2

 a0 b0C
1
2

 a0 b1

K
1
2

 a1 b0K
1
2

 a1 b1  |11D

Stage 3
G3:= TP H, H ; S3:= simplify Multiply G3, S2 ;
|S3D = Multiply Transpose S3, L 1, 1 ; 

G3:=

1
2

1
2

1
2

1
2

1
2

K
1
2

1
2

K
1
2

1
2

1
2

K
1
2

K
1
2

1
2

K
1
2

K
1
2

1
2

S3:=

a0 b0

a1 b1

a1 b0

a0 b1

|S3D= a0 b0 |00DCa1 b1 |01DCa1 b0 |10DCa0 b1 |11D
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      Overall composition

                      G = G3G2G1
                      G|C1DDDD = |C2DDDD
                     
                     |C1DDDD  =  a0b0|00DDDD + a0b1|01DDDD + a1b0|10DDDD + a1b1|11DDDD
                     |C2DDDD  =  a0b0|00DDDD + a0b1|11DDDD + a1b0|10DDDD + a1b1|01DDDD
      

G := Multiply G3, Multiply G2, G1 ; C2 := Multiply G, C1 ;
|C1D= Multiply Transpose C1, L 1, 1 ;  
|C2D= Multiply Transpose C2, L 1, 1 ;   

G :=

1 0 0 0

0 0 0 1

0 0 1 0

0 1 0 0

C2 :=

a0 b0

a1 b1

a1 b0

a0 b1

|C1D= a0 b0 |00DCa0 b1 |01DCa1 b0 |10DCa1 b1 |11D

|C2D= a0 b0 |00DCa1 b1 |01DCa1 b0 |10DCa0 b1 |11D
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  Problem 5c
Stage 1

G1:= Bell; S1d Multiply G1, C1 ;
|S1D = factor combine Multiply Transpose S1, L 1, 1 ; 

G1 :=

1
2

 2 0
1
2

 2 0

0
1
2

 2 0
1
2

 2

0
1
2

 2 0 K
1
2

 2

1
2

 2 0 K
1
2

 2 0

S1:=

1
2

 2  a0 b0C
1
2

 2  a1 b0

1
2

 2  a0 b1C
1
2

 2  a1 b1

1
2

 2  a0 b1K
1
2

 2  a1 b1

1
2

 2  a0 b0K
1
2

 2  a1 b0

|S1D=
1
2

 2  a0 b0 |00DC |00D a1 b0Ca0 b1 |01DCa1 b1 |01DC |10D a0 b1K |10D a1 b1C |11D a0 b0

K |11D a1 b0

                                               At the end of this stage we have the Bell's state β00, β01, β10, and β11

                              S1 = a0b0(|00DDDD+|11DDDD)/ 2 Ca0b1(|01DDDD+|10DDDD)/ 2 Ca1b0(|00DDDD - |11DDDD)/ 2 Ca1b1(|01DDDD - |10DDDD)/ 2

                                                                   S1 = a0b0 β00Ca0b1 β01 + a1b0 β10 + a1b1ββββ11
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Stage 2

G2:= TP Z, I2 ; S2d simplify Multiply G2, S1 ;
 |S2D = factor combine Multiply Transpose S2, L 1, 1 ;  

G2 :=

1 0 0 0

0 1 0 0

0 0 K1 0

0 0 0 K1

S2:=

1
2

 2  a0 b0C
1
2

 2  a1 b0

1
2

 2  a0 b1C
1
2

 2  a1 b1

K
1
2

 2  a0 b1C
1
2

 2  a1 b1

K
1
2

 2  a0 b0C
1
2

 2  a1 b0

|S2D =
1
2

 2  a0 b0 |00DC |00D a1 b0Ca0 b1 |01DCa1 b1 |01DK |10D a0 b1C |10D a1 b1K |11D a0 b0

C |11D a1 b0

Stage 3
G3d IBell : S3d simplify Multiply G3, S2 ;
|S3D = Multiply Transpose S3, L 1, 1 ; 

S3:=

a1 b0

a1 b1

a0 b0

a0 b1

|S3D= |00D a1 b0Ca1 b1 |01DCa0 b0 |10DCa0 b1 |11D
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     Overall composition

                      G = G3G2G1
                      G|C1DDDD = |C2DDDD                     
                     
                     |C1DDDD  =  a0b0|00DDDD + a0b1|01DDDD + a1b0|10DDDD + a1b1|11DDDD
                     |C2DDDD  =  a0b0|10DDDD + a0b1|11DDDD + a1b0|00DDDD + a1b1|01DDDD

G := Multiply G3, Multiply G2, G1 ;
C2 := Multiply G, C1 ;
`|C1D̀ = Multiply Transpose C1, L 1, 1 ;  
`|C2D̀ = Multiply Transpose C2, L 1, 1 ;   

G :=

0 0 1 0

0 0 0 1

1 0 0 0

0 1 0 0

C2 :=

a1 b0

a1 b1

a0 b0

a0 b1

|C1D= a0 b0 |00DCa0 b1 |01DCa1 b0 |10DCa1 b1 |11D

|C2D= |00D a1 b0Ca1 b1 |01DCa0 b0 |10DCa0 b1 |11D
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Problem 5d

Stage 1

G1:= TP X, I2 ;
S1:= simplify Multiply G1, C1 ;
|S1D= Multiply Transpose S1, L 1, 1 ; 

G1:=

0 0 1 0

0 0 0 1

1 0 0 0

0 1 0 0

S1:=

a1 b0

a1 b1

a0 b0

a0 b1

|S1D= |00D a1 b0Ca1 b1 |01DCa0 b0 |10DCa0 b1 |11D

Stage 2

G2:= CNOT;
S2:= simplify Multiply G2, S1 ;
|S2D= Multiply Transpose S2, L 1, 1 ; 

G2:=

1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

S2:=

a1 b0

a1 b1

a0 b1

a0 b0

|S2D= |00D a1 b0Ca1 b1 |01DCa0 b1 |10DCa0 b0 |11D
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Stage 3

G3:= TP X, I2 ;
S3:= simplify Multiply G3, S2 ;
|S3D= Multiply Transpose S3, L 1, 1 ; 

G3:=

0 0 1 0

0 0 0 1

1 0 0 0

0 1 0 0

S3:=

a0 b1

a0 b0

a1 b0

a1 b1

|S3D= a0 b1 |00DCa0 b0 |01DCa1 b0 |10DCa1 b1 |11D

      Overall composition

                      G = G3G2G1
                      G|C1DDDD = |C2DDDD
   
                     |C1DDDD  =  a0b0|00DDDD + a0b1|01DDDD + a1b0|10DDDD + a1b1|11DDDD
                     |C2DDDD  =  a0b0|01DDDD + a0b1|00DDDD + a1b0|10DDDD + a1b1|11DDDD

G := Multiply G3, Multiply G2, G1 ;
C2 := Multiply G, C1 ;
`|C1D̀ = Multiply Transpose C1, L 1, 1 ;  
`|C2D̀ = Multiply Transpose C2, L 1, 1 ;  

G :=

0 1 0 0

1 0 0 0

0 0 1 0

0 0 0 1

C2 :=

a0 b1

a0 b0

a1 b0

a1 b1

|C1D= a0 b0 |00DCa0 b1 |01DCa1 b0 |10DCa1 b1 |11D

|C2D= a0 b1 |00DCa0 b0 |01DCa1 b0 |10DCa1 b1 |11D
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    Bell Gate Summary

  1. Bell Gate : CNOT (H5I2)
'C1'= C1;
S1:= simplify Multiply Bell, C1 ;
|S1D = factor  combine Multiply Transpose S1, L 1, 1 ;    

C1 =

a0 b0

a0 b1

a1 b0

a1 b1

S1:=

1
2

 2  a0 b0C
1
2

 2  a1 b0

1
2

 2  a0 b1C
1
2

 2  a1 b1

1
2

 2  a0 b1K
1
2

 2  a1 b1

1
2

 2  a0 b0K
1
2

 2  a1 b0

|S1D=
1
2

 2  a0 b0 |00DC |00D a1 b0Ca0 b1 |01DC |01D a1 b1C |10D a0 b1K |10D a1 b1C |11D a0 b0

K |11D a1 b0

                     At the end of this stage we have the Bell's states β00, β01, β10, and β11                                                      

                 S1 = a0b0(|00DDDD+|11DDDD)/ 2 Ca0b1(|01DDDD+|10DDDD)/ 2 Ca1b0(|00DDDD - |11DDDD)/ 2 Ca1b1(|01DDDD - |10DDDD)/ 2

                             S1 =  1/2  >>>> ∑ aibj( |0(04444j)DDDD + (-1)i |1(14444j)DDDD )    

                             S1 = a0b0 β00Ca0b1 β01 + a1b0 β10 + a1b1ββββ11
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  2. Inverse Bell Gate: (H5I2)CNOT
'S1'= S1;
|S1D = factor  combine Multiply Transpose S1, L 1, 1 ;  
S2:= simplify Multiply IBell, S1 ;
|S2D = Multiply Transpose S2, L 1, 1 ;  

S1=

1
2

 2  a0 b0C
1
2

 2  a1 b0

1
2

 2  a0 b1C
1
2

 2  a1 b1

1
2

 2  a0 b1K
1
2

 2  a1 b1

1
2

 2  a0 b0K
1
2

 2  a1 b0

|S1D=
1
2

 2  a0 b0 |00DC |00D a1 b0Ca0 b1 |01DC |01D a1 b1C |10D a0 b1K |10D a1 b1C |11D a0 b0

K |11D a1 b0

S2:=

a0 b0

a0 b1

a1 b0

a1 b1

|S2D= a0 b0 |00DCa0 b1 |01DCa1 b0 |10DCa1 b1 |11D



OOOO OOOO 
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  3. False Bell gate: CNOT (I25H)
FBell := Multiply CNOT, TP I2, H ;
S1:= Multiply FBell, C1 ;
|S1D = factor  combine Multiply Transpose S1, L 1, 1 ;  

FBell :=

1
2

 2
1
2

 2 0 0

1
2

 2 K
1
2

 2 0 0

0 0
1
2

 2 K
1
2

 2

0 0
1
2

 2
1
2

 2

S1:=

1
2

 2  a0 b0C
1
2

 2  a0 b1

1
2

 2  a0 b0K
1
2

 2  a0 b1

1
2

 2  a1 b0K
1
2

 2  a1 b1

1
2

 2  a1 b0C
1
2

 2  a1 b1

|S1D=
1
2

 2  a0 b0 |00DC |00D a0 b1Ca0 b0 |01DKa0 b1 |01DCa1 b0 |10DK |10D a1 b1C |11D a1 b0

Ca1 b1 |11D

                                                                             
                                               These are not the Bell's states                                                         

 S1 = a0b0(|00DDDD+|01DDDD)/ 2 Ca0b1(|00DDDD - |01DDDD)/ 2 Ca1b0(|11DDDD + |10DDDD)/ 2 Ca1b1(|11DDDD - |10DDDD)/ 2

 S1 = a0b0|0DDDD(|0DDDD+|1DDDD)/ 2 Ca0b1|0DDDD(|0DDDD - |1DDDD)/ 2 Ca1b0|1DDDD(|1DDDD + |0DDDD)/ 2 Ca1b1|1DDDD(|1DDDD - |0DDDD)/ 2
 

                                   S1 =
1

2
 >
i = 0

1

   >
j = 0

1

  aibj( |i(i44440)DDDD + (-1)j |i(i44441)DDDD ) 
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   4.  (I25H)Bell - Stages 1 and 2 of problem 4b
IHBell := Multiply Bell, TP I2, H ;
S1:= simplify Multiply IHBell, C1 ;
|S1D = combine Multiply Transpose S1, L 1, 1 ;   

IHBell :=

1
2

1
2

1
2

1
2

1
2

K
1
2

1
2

K
1
2

1
2

K
1
2

K
1
2

1
2

1
2

1
2

K
1
2

K
1
2

S1:=

1
2

 a0 b0C
1
2

 a0 b1C
1
2

 a1 b0C
1
2

 a1 b1

1
2

 a0 b0K
1
2

 a0 b1C
1
2

 a1 b0K
1
2

 a1 b1

1
2

 a0 b0K
1
2

 a0 b1K
1
2

 a1 b0C
1
2

 a1 b1

1
2

 a0 b0C
1
2

 a0 b1K
1
2

 a1 b0K
1
2

 a1 b1

|S1D=
1
2

 a0 b0C
1
2

 a0 b1C
1
2

 a1 b0C
1
2

 a1 b1  |00DC
1
2

 a0 b0K
1
2

 a0 b1C
1
2

 a1 b0

K
1
2

 a1 b1  |01DC
1
2

 a0 b0K
1
2

 a0 b1K
1
2

 a1 b0C
1
2

 a1 b1  |10DC
1
2

 a0 b0C
1
2

 a0 b1

K
1
2

 a1 b0K
1
2

 a1 b1  |11D

                                 
                S1 = a0b0(|00DDDD+|01DDDD+|10DDDD+|11DDDD)/2Ca0b1(|00DDDD - |01DDDD - |10DDDD+|11DDDD)/2
                     + a1b0(|00DDDD+|01DDDD - |10DDDD - |11DDDD)/2Ca1b1(|00DDDD - |01DDDD + |10DDDD - |11DDDD)/2

     S1=  a0b0(ββββ00+ββββ01)/ 2 Ca0b1(ββββ00 - ββββ01)/ 2 Ca1b0(ββββ10+ββββ11)/ 2 Ca1b1(ββββ10 - ββββ11)/ 2


