| > restart
[> with( LinearAlgebra :

Chapter 7 Problem 5

> TP:= proc(M1, M2) return KroneckerProdudt MIM2) endproc:

Defining matrices

> 12 :=IdentityMatrix(2);

> interface warnlevek 0) : # Maple 12

X :=Matrix([[O0, 1], [1, 0]]);
Y := Matrix([ [0, —i], [i, O]]);
Z = Matrix([[1, 0], [0, —1]]);
H = L(X-l—Z):
J2
VT H =2 H;
CNOT:= RowOperatiofi IdentityMatri¢d), [ 3, 4]);
10
12 :=
01
01
X:=
10
0 -i
Y=
i 0
1 0
Z:=
0 -1
1 1
2 H=
vz 1 -1
(100 0]
0100
CNOT:=
0001
0010

(1)



[ Bell's Matrices
> Bell := Multiply(CNOT, TP(H, 12)) :

/2 -Bell'=/2 - Bell

IBell := MatrixInverseé Bell : # (H®I2)CNOT

/2 -1Bell' =/ 2 -IBell;

J2 Bell=

J2 IBell=

©O r O b B O OFr
P O P O © F Bk O

Defining qubits in matrix form

A = g|0 + a|1)
B = RO + by1)

ICL= 1A ®IB) = (g0 + g|))® (a0 + bD))
|Q1= ag00 + ap,|0) + abj10 + ab,|1D)

> A:=Matrix([[a[0]], [a[1]]1]);
B :=Matrix([[b[O]], [b[1]]]);
L := Transpos¢ Matrik[ |09|01) |10/ |11)])) :
Cl:= TP(A B);
|C1)=Multiply(Transposé¢ CL L)[1, 1]

_aobo_
ay by

ay bO

Cl:=

a by

ICL)=a, by [00)+a, b, [01)+a, by |10)+a, b, [11/

(@)

@)



| Problem 5a
[Stage 1
> Gl:= TP(I12,H); S1:= (Multiply(G1, C1));
|S1)=simplify( factox combine¢ Multiply Transpose $1L)[1,1])));

Gl:=
0 o *yz Lz
2 2
1 1
0 0 SN2 -5 V2
1 1
E\/?aobo-i—z\/?aobl
1 1
Eﬁaobo E‘/?aobl
S1:= 1 L
Eﬁalbo—i-g\/?albl
L /Zab-LyZab
2 1 ~0 2 1 ~1

|SJ):% J2 (8 by 100/+100) &, b; +101) a; by —ay by [01)+a; by [10)+]10) & b, +[11) & by 4)
—a by |11))

EStage 2
> G2:= CNOT: S2:= simplify Multiply( G2 S1));
|S2)=simplify( factor combine Mu_ltiply Transpogse $2.)[1, 1])) )

1 = 1 —

1 V2 ay b, — 1 \ 2 ay b
2 0 2 1
1 V2 b, — 1 V2 b
2 4 B~ 5 a Dy

%\/?alb(ﬁ%\/?albl

|Sz):% V2 (2 by [00)+100) & by +|01) &y by —a, by [01)+a, by [10)—|10) a; b, +]11) & by ®)
+a, b |11))




[Stage 3
> G3:=TP(I2, H); S3:= simplify Multiply G3S2) );
|S3)=Multiply(Transposé SR L)[1, 1;

L=z Xz o0 0
2 2
ZVZ -2V o 0
G3:=
0 o Xz Lz
2 2
0 o Lyz -tz
2 2
3y by
a3y by
S3:=
a, b,
-3 by

|IS3)=4a, b, |00/)+4a, b, [01)+a, b, [10)—a, b, |11

Overall composition

G = G3G2G1
G|Cl1= |C2)
IC1) = apy00 + gjo,|01) + ab |10 + ab,|11)
IC2) = apy00 + ap,|0D + aby10 - ab|11)
:> G := Multiply(G3 Multiply(G2 G1)); C2:= Multiply(G, C1);

*|C1/) =Multiply(Transposé C1, L)[1, 1];
|C2)=Multiply(Transpos¢ C2 L)[1, 1];

(100 O]
010 O
001 O
000 -1
3y by
3 by

a; by

C2:=

-y by

ICL)=a, by [00)+a, by [01)+a, by [10/+a, b, [11/
|C2)=a, b, |00)+a, b, |01)+a, b, |10)—a, b, |11)

(6)
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Problem 5b

Stage 1

> GL:i=TP(H,H);
S1:= simplify Multiplyt G1 C1));
|S1) = Multiply(Transpos¢ SILL)[1, 1];

11 1 1
2 2 2 2
11 1 1
2 2 2 2
Gl:=
11 1 1
2 2 2 2
11 1 1
2 2 2 2
1 1 1 1
anb—l— aob-l—zalbo-l—zalb1
1 1 1 1
anbo_f a0b1+5alb0_5albl
Sl=
1 1
anbJr 8 b — = 1bo_Ealb1
1 1 1 1
EaObO_EaObl__alb_{_Ealb
_(1 1 1 1
|S])—(Ea0b+ a0b+ a1b0+— )|oo)+( a, by — 2a0b+ a, b, (8)
1
2 bl) |01)+( 3 by + aOb - &y by— ) |1O)+( O_E ay by
1 1
) a bo—l-E a bl) |11/



7Stage 2

> G2:= CNOT: S2:= simplify( Multiply G2 S1)):
|S2)=Multiply(Transposé SpL)[1, 1}

i_
5 %

%aobJr a0b+;a1b+%albl
1 1 1 1
S b5 bt a b5 ah
% 1 1 1 1
anbo—z aobl—z b+§ albl
1 1
anb"‘ ay b, — _1bo 2a1b1
— _1 1 1
|sz)_( 20 Byt 5 2 byt o 2y b0+5 a, bl) |oo)+(5 8, by —
-2 bl) |01)+( 2 By~ 5 8 by~ 5 ay byt albl) |1o)+( 20 Do+ 5 20 by
1 1
- a5 bl) 111/
[StageB
> G3:=TP(H, H); S3:= simplify Multiplyt G3 S2) );
|S3/=Multiply(Transposé SEL)[1, 1]; _
11 1 1
2 2 2 2
1 1 1 1
2 2 2 2
G3:=
11 1 1
2 2 2 2
1 1 1 1
2 2 2 2
ay by
a, b,
S3:=
a; by
ay b,

IS3/=a, b, [00)+a, b, [01)+a, by [10)+a, b, [11/

(9)

(10)



Overall composition

G =G3G2G1

G|C1= |C2
|C1> = %boloq + 3ob1|01> + %_bollq + 3j_b1|11>
IC2 = g |00 + gjp;|11) + aby10 + ab,|02)

> G:= Multiply(G3 Multiply(G2, G1)): C2:= Multiply(G, C1):
|C1/)=Multiply(Transposé CL L)[1
|C2)=Multiply(Transposé C2L)[1

» 11;
» 11;
1000
0001
0010
0100
ay by

a by

C2:=
a, by

ay by
|IC1)=a, b, |00)+a, b, [01)+a, b, |10/+a, b; [11)
|C2)=4a, b, [00/+a, b, |01)+a, b, |10)+a, b, |11/ (11)




| Problem 5¢
[Stage 1

—|11) a; bo)

> G1:=Bell; S1:= Multiply(G1, C1);
|S1)=factor( combin¢ Multiply _Transposse S1L)[1,1]));

1 1
V2 o0 > 2 0
0 %ﬁ 0 %ﬁ
Gl:=
o fyz o -Lyz
2 2
1 1
Zﬁ 0 - 2 0
1
Eﬁaobo"‘ V2 a by,
L Zab+LyZab
2 6‘01+2 a D

S1:=

) , _
ISV=~ V2 (2 by 100)+100) & by+a, by [01)+a; by [01)+]10) &, by —|10) a; b, +[11) &, by,

At the end of this stage we have the Bell's stafig,, B, B, and p,;

S1 = gh(l00+1)AZ +ah(0+1NNZ +ab100 - [LHNZ +aby(10D - [1INZ

S1 =y Boo + Py Boy + &0, Byg + bPs 4

(12)



[Stage 2
> G2:=TP(Z,12); S2:= simplify Multiplyt G2 S1));
|S2) =factor( combin¢ Multiply Transpogse $2.)[1, 1]));

G2:=

1
0
0
1
0

R O o o

0
1
0 -
0

o O O Bk

. _
J?aobo+5ﬁalbo

1
2
L Zab+tyzab
> 20 1+2 a Dy
S2:= 1
_E 2a0b1+5\/?a1b1

-2 V7 ayby+ 2 7 a by

|S2/ =% V2 (3, by [00)+]00) & by+a, by [01)+a, b [01)—|10) a; b, +]10) &) b, —[11) 8y by (13)
+111) & by)

[Stage 3
> G3:= IBell : S3:= simplify( Multiply( G3 S2));
|S3/=Multiply(Transposé SEL)[1, 1];

b
a, by
a, by
a, by

IS3/=100) a, b, +a, b, [01)+ a, by [10)+a, b, [11) (14)

S3:=




Overall composition

G = G3G2G1
G|G1=|C2

IC1) = apy00 + af,|01) + ab |10 + ab,|11)
|ICR = gby|10 + a,|11) + aby|00 + ab,|01)

"> G:= Multiply(G3 Multiply(G2, G1));

C2:= Multiply(G, C1);

*|C1/) =Multiply(Transposé C1,L)[1, 1];
*|C2/ = Multiply(Transposé C2 L)[1, 1];

(001 0]
0001
1000
0100

e
a, by
3 by
8 by

ICL)=a, b, [00)+4a, b, [01)+a, by |10)+a, b, [11/

|IC2)=100) a, b,+a, b, [01)+a, b, |10/+a, b, [11) (15)

C2:=




| Problem 5d
Stage 1

> GL=TP(X, 12);
S1:= simplify Multiplyt G1 C1));
|S1)=Multiply(Transposé Sp L)[1, 1];

Stage 2

> G2:=CNOT
S2:= simplify Multiplyt G2 S1) );
|S2)=Multiply(Transposé SR L)[1, 1];

Gl:=

G2:

0010]
0001
1000

010 0_
o, by ]
2 by
3 by
8 by

1SY=100/ a, b, +a, b, [01)+a, b, |[10)+a, b, |11/

1000
0100
0001

001 O_
b |
a, by
8y by
3 by

1S2/=100) a, b, +a, b, [01)+a, b, [10)+a, b, [11/

(16)

(17)



Stage 3

> G3:=TP(X, 12);
S3:= simplify Multiplyt G3 S2) );
|S3)=Multiply(Transposé SEL)[1, 1];

(001 0]
0001
1000
0100

_aobl_
a, by

a; by

G3:=

S3:=

a; b,

IS3/=a, b, [00/+ a, by [01)+a, b, |10)+a, b, |11/

Overall composition

G = G3G2G1
G|O1= |C2)
IC1) = aby00 + gj,|01) + aby10 + aby|11)
|IC2 = gby01) + go,|00 + ab|10 + ab,|11)
:> G := Multiply(G3 Multiply(G2 G1) );
C2:= Multiply(G, C1);

*|C1/) =Multiply(Transposé C1,L)[1, 1];
*|C2/) =Multiply(Transposé C2 L)[1, 1];

(01 00]
1000
0010
0001

,aObl_
ay by

a; by

a; by
IC1)=a, by [00)+ a, b, [01)+a, b, |10)+a, b, |11/
|IC2)=a, b, |00)+a, b, [01)+a, b, |10/+a, b; |11

(18)

(19)



Bell Gate Summary

| 1. Bell Gate : CNOTH®I2)
> 'C1=C1,
S1:= simplify Multiply( Bell C1));
|S1)=factor( combing Multiply Transpose $1L)[1,1]));

a, by
ay by

a; by

Cl=

a; b
L Tab+t Tab
2 aOO+2 a10

1 1

E\/?aobl—i-z\/?albl
Sl:=
L 2 an,-1 7 a b,

2 2
L Zab-LyZanb
2 a00_2 a; by

|31):% JZ (ag by 100)+100) &, by+2g by [01)+[01) &, by +[10) a; b, —[10) &, b, +[1L)a; b, (20)

—111) &, by)
At the end of this stage we have the Bell's statfig, By, B, andp,;
S1 = ghy(|00+[1N 2 +aghy(I09+[10)A 2 +a;by(00 - [LDAN2 +ayby(|0D) - [LHA 2

S1=\I2 23 ab( [0(0®))) + (-1) |L(1®])))

S1 & Boo + agby Boy + abo B + &b,y




[ 2. Inverse Bell GateH®I12)CNOT

> 'S1=S1
|S1)=factor( combing Multiply Transpose $1L)[1,1]));
S2:= simplify Multiply( 1Bell S1) );
|S2)=Multiply(Transposé SpL)[1, 1];

V7 ag byt 5 V2 2y by

1 1

5\12 aobl-l—E \ 2 albl
1 a0 _-L /7an
2 P D75 a by

1 1
E\/?aobo—z\/?albo

|S])=% V2 (3, by [00)+]00) &; by +a, by [01)+|01) a; by +|10) a; b, —[10) a; b, +[11) & b,
—11) a; by)

b |

3 by

a; by

S2:=

a; by

IS2)=a, b, [00)+a, b, [01)+a, by [10)+a, b, [11) (21)



[ 3. False Bell gate: CNOT2(®H)

> FBell:= Multiply(CNOT, TP(12,H));
S1:= Multiply(FBell, C1);
|S1)=factor( combing Multiply Transpoge $1L)[1, 1]));

7 o oo 0
2 2
ZVZ -5 V7 o 0

FBell :=

0 0o Tyz -2 42
2 2

0 o Xz Lz
2 2

L Zabtl yTanb |

2 aOO+2 a01

L Zabn-L Zab

2 a00 2 a01

S1:= 1 1

Eﬁlbo E\/?albl

1 1

2

|SJ)=% J2 (3 by |00)+ |00/ &, b, +a, b, [01)—a, b, [01)+a; b, [10/—|10) a, b, +|11) a, b, (22)
+a by [11))

Tleemre not the Bell's states

S1 = gb(I00+OMNZ +aghy(100 - 0N Z +aby(11) + 1N Z +aby(|1D) - 1N Z
S1 = ghO(O+MNZ +adij00 - IHNZ +abd)(ID + W Z +aby (1D - [N Z

1 1
s%z Z ab( lii®0) + (-1 lii®1))




| 4. (2®H)Bell - Stages 1 and 2 of problem 4b

> |HBell := Multiply(Bell, TP(I12, H));
S1:= simplify Multiply( IHBel| C1) );
|S1)=combing Multiply(Transposé Si L)[1, 1]);

(1 01 1 1
2 2 2 2
1 1 1 1
2 "2 2 72
IHBell :=
1 1 1 1
2 "2 T2 2
1 1 1 1
2 2 2 "2
1 1
—aobo—i——aobl-l——albo-l——alb1
1 1
3y by—5 b +5 aby——5 a b
Sl:=
L o b—Lanb b b
PB~5 db & bt b
Lo b+E a b b b
5 bt b5 S A
(1 1 1 1 1 1 1
|S:I,)—(E B Dot 3 byt 5 A byt Ay bl) |oo)+(5 8 Do— % 3 b+ 5 a by

1

1 1
Y ay bO—E a bl) |11)

S1 =#,(100+[01+]10+|11)y2 + agh,(100 - [0 - [10+]1D)2
+ #0,(100+[07) - |10 - [1D)Y2 + a;b,(100 - |03 + |10 - [1D))2

S1= gyBostBoN 2 +agyBoo-BodN 2 +abyB15tB1 )N 2 +abyByo-Bi)N 2

1 1 1 1 1 1
-S> a bl) |01)+(5 B o= 3 b~ & byt Ay bl) |1o)+(§ 8 Do+ 3 by

(23)



