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OOOO OOOO restart;

interface warnlevel= 0 :    #    Maple 12
with LinearAlgebra :
with Bits :

TP d proc M1, M2  return KroneckerProduct M1, M2  end proc:
          
VSte d proc n                       # Generates a list of  computational states for  n qubits

                local i, L;                 #  e.g.  n= 2 0000 |00D |01D |10D |11D                     

                L d Matrix 1, 2n ;
                Settings defaultbits= n ;
                for i from 1 to 2n do                      
                      L 1, i  d cat `| ,̀ String iK1, msbfirst , "D" ;
                end do;
         #    print L ;
             return L;        # returns Matrix L 
          end proc:

Ceff dproc n
                 local i, L;                   #  Generates a list of  computational state coefficients for  n qubits
                  L d Matrix 1, 2n ;                 #  e.g.  n= 2 0 c0 c1 c2 c3
                 for i from 1 to 2n do                     
                     L 1, i  d c iK1 ;             # c[i-1] represents the coefficient ci
                end do;
          #   print L ;
             return L;          # returns Matrix L
             end proc:
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(1)(1)

(2)(2)

(4)(4)
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Defining Matrices and Gates

Ι2 := IdentityMatrix 2 :

Ι4 := IdentityMatrix 4 :

G23 := RowOperationΙ4, 2, 3 ;

G23 :=

1 0 0 0

0 0 1 0

0 1 0 0

0 0 0 1

CNOT :=RowOperationΙ4, 3, 4 ;

CNOT:=

1 0 0 0

0 1 0 0

0 0 0 1

0 0 1 0

 M1cd Matrix 2, 2, symbol= S1 ;

M1c :=
S1

1, 1
S1

1, 2

S1
2, 1

S1
2, 2

 M2c d Matrix 2, 2, symbol= S2 ;
M2c := Matrix 2, 2, symbol=S2 ;

M2c :=
S2

1, 1
S2

1, 2

S2
2, 1

S2
2, 2

M2c :=

S2
1, 1

S2
1, 2

S2
2, 1

S2
2, 2

M3c := Matrix 2, 2, symbol = S3 ;

M3c :=
S3

1, 1
S3

1, 2

S3
2, 1

S3
2, 2

M4b := Matrix 2, 2, symbol = S4 ;
M4b := Matrix 2, 2,symbol=S4 ;

M4b :=
S4

1, 1
S4

1, 2

S4
2, 1

S4
2, 2

M4b :=

S4
1, 1

S4
1, 2

S4
2, 1

S4
2, 2



OOOO OOOO 

OOOO OOOO 

(8)(8)

(7)(7)

     Stages 1 - 11

 Stage 1

U1 := TP Ι4, M1c : 'U1'= U1;

U1 =

S1
1, 1

S1
1, 2

0 0 0 0 0 0

S1
2, 1

S1
2, 2

0 0 0 0 0 0

0 0 S1
1, 1

S1
1, 2

0 0 0 0

0 0 S1
2, 1

S1
2, 2

0 0 0 0

0 0 0 0 S1
1, 1

S1
1, 2

0 0

0 0 0 0 S1
2, 1

S1
2, 2

0 0

0 0 0 0 0 0 S1
1, 1

S1
1, 2

0 0 0 0 0 0 S1
2, 1

S1
2, 2

 Stage 2

U2 := TP Ι2, CNOT : 'U2'= U2;

U2 =

1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 1

0 0 0 0 0 0 1 0
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 Stage 3

TP Ι2, TP M4b,Ι2 ;
TP Ι4, M2c ;
U3 := Multiply TP Ι2, TP M4b,Ι2 , TP Ι4, M2c : 'U3'= U3; 

S4
1, 1

0 S4
1, 2

0 0 0 0 0

0 S4
1, 1

0 S4
1, 2

0 0 0 0

S4
2, 1

0 S4
2, 2

0 0 0 0 0

0 S4
2, 1

0 S4
2, 2

0 0 0 0

0 0 0 0 S4
1, 1

0 S4
1, 2

0

0 0 0 0 0 S4
1, 1

0 S4
1, 2

0 0 0 0 S4
2, 1

0 S4
2, 2

0

0 0 0 0 0 S4
2, 1

0 S4
2, 2

S2
1, 1

S2
1, 2

0 0 0 0 0 0

S2
2, 1

S2
2, 2

0 0 0 0 0 0

0 0 S2
1, 1

S2
1, 2

0 0 0 0

0 0 S2
2, 1

S2
2, 2

0 0 0 0

0 0 0 0 S2
1, 1

S2
1, 2

0 0

0 0 0 0 S2
2, 1

S2
2, 2

0 0

0 0 0 0 0 0 S2
1, 1

S2
1, 2

0 0 0 0 0 0 S2
2, 1

S2
2, 2

U3 =

S4
1, 1

 S2
1, 1

S4
1, 1

 S2
1, 2

S4
1, 2

 S2
1, 1

S4
1, 2

 S2
1, 2

0 0 0 0

S4
1, 1

 S2
2, 1

S4
1, 1

 S2
2, 2

S4
1, 2

 S2
2, 1

S4
1, 2

 S2
2, 2

0 0 0 0

S4
2, 1

 S2
1, 1

S4
2, 1

 S2
1, 2

S4
2, 2

 S2
1, 1

S4
2, 2

 S2
1, 2

0 0 0 0

S4
2, 1

 S2
2, 1

S4
2, 1

 S2
2, 2

S4
2, 2

 S2
2, 1

S4
2, 2

 S2
2, 2

0 0 0 0

0 0 0 0 S4
1, 1

 S2
1, 1

S4
1, 1

 S2
1, 2

S4
1, 2

 S2
1, 1

S4
1, 2

 S2
1, 2

0 0 0 0 S4
1, 1

 S2
2, 1

S4
1, 1

 S2
2, 2

S4
1, 2

 S2
2, 1

S4
1, 2

 S2
2, 2

0 0 0 0 S4
2, 1

 S2
1, 1

S4
2, 1

 S2
1, 2

S4
2, 2

 S2
1, 1

S4
2, 2

 S2
1, 2

0 0 0 0 S4
2, 1

 S2
2, 1

S4
2, 1

 S2
2, 2

S4
2, 2

 S2
2, 1

S4
2, 2

 S2
2, 2
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 Stage 4

TP Ι2, CNOT ;
TP G23, Ι2 ;
U4 := Multiply TP G23, Ι2 , Multiply TP Ι2, CNOT , TP G23, Ι2 : 
'U4'= U4;

1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 1

0 0 0 0 0 0 1 0

1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1

U4 =

1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 0 0 1

0 0 0 0 0 0 1 0

 Stage 5

U5 := TP CNOT,Ι2 :'U5'= U5;

U5 =

1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0
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  Stage 6

TP Ι2, TP M4b, Ι2 ;
TP Ι4,M2c ;
U6 := Multiply TP Ι2, TP M4b, Ι2 , TP Ι4,M2c :'U6'= U6;

S4
1, 1

0 S4
1, 2

0 0 0 0 0

0 S4
1, 1

0 S4
1, 2

0 0 0 0

S4
2, 1

0 S4
2, 2

0 0 0 0 0

0 S4
2, 1

0 S4
2, 2

0 0 0 0

0 0 0 0 S4
1, 1

0 S4
1, 2

0

0 0 0 0 0 S4
1, 1

0 S4
1, 2

0 0 0 0 S4
2, 1

0 S4
2, 2

0

0 0 0 0 0 S4
2, 1

0 S4
2, 2

S2
1, 1

S2
1, 2

0 0 0 0 0 0

S2
2, 1

S2
2, 2

0 0 0 0 0 0

0 0 S2
1, 1

S2
1, 2

0 0 0 0

0 0 S2
2, 1

S2
2, 2

0 0 0 0

0 0 0 0 S2
1, 1

S2
1, 2

0 0

0 0 0 0 S2
2, 1

S2
2, 2

0 0

0 0 0 0 0 0 S2
1, 1

S2
1, 2

0 0 0 0 0 0 S2
2, 1

S2
2, 2

U6 =

S4
1, 1

 S2
1, 1

S4
1, 1

 S2
1, 2

S4
1, 2

 S2
1, 1

S4
1, 2

 S2
1, 2

0 0 0 0

S4
1, 1

 S2
2, 1

S4
1, 1

 S2
2, 2

S4
1, 2

 S2
2, 1

S4
1, 2

 S2
2, 2

0 0 0 0

S4
2, 1

 S2
1, 1

S4
2, 1

 S2
1, 2

S4
2, 2

 S2
1, 1

S4
2, 2

 S2
1, 2

0 0 0 0

S4
2, 1

 S2
2, 1

S4
2, 1

 S2
2, 2

S4
2, 2

 S2
2, 1

S4
2, 2

 S2
2, 2

0 0 0 0

0 0 0 0 S4
1, 1

 S2
1, 1

S4
1, 1

 S2
1, 2

S4
1, 2

 S2
1, 1

S4
1, 2

 S2
1, 2

0 0 0 0 S4
1, 1

 S2
2, 1

S4
1, 1

 S2
2, 2

S4
1, 2

 S2
2, 1

S4
1, 2

 S2
2, 2

0 0 0 0 S4
2, 1

 S2
1, 1

S4
2, 1

 S2
1, 2

S4
2, 2

 S2
1, 1

S4
2, 2

 S2
1, 2

0 0 0 0 S4
2, 1

 S2
2, 1

S4
2, 1

 S2
2, 2

S4
2, 2

 S2
2, 1

S4
2, 2

 S2
2, 2
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 Stage 7

U7 := U5 :'U7'= U7;

U7 =

1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 0 0 1 0

0 0 0 0 0 0 0 1

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

 Stage 8

U8 := U2 :'U8'= U8;

U8 =

1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 1

0 0 0 0 0 0 1 0



(15)(15)

OOOO OOOO 

 Stage 9

TP M4b,Ι4 ;
TP Ι4, M2c ;
U9 := Multiply TP M4b,Ι4 , TP Ι4, M2c :'U9'= U9;

S4
1, 1

0 0 0 S4
1, 2

0 0 0

0 S4
1, 1

0 0 0 S4
1, 2

0 0

0 0 S4
1, 1

0 0 0 S4
1, 2

0

0 0 0 S4
1, 1

0 0 0 S4
1, 2

S4
2, 1

0 0 0 S4
2, 2

0 0 0

0 S4
2, 1

0 0 0 S4
2, 2

0 0

0 0 S4
2, 1

0 0 0 S4
2, 2

0

0 0 0 S4
2, 1

0 0 0 S4
2, 2

S2
1, 1

S2
1, 2

0 0 0 0 0 0

S2
2, 1

S2
2, 2

0 0 0 0 0 0

0 0 S2
1, 1

S2
1, 2

0 0 0 0

0 0 S2
2, 1

S2
2, 2

0 0 0 0

0 0 0 0 S2
1, 1

S2
1, 2

0 0

0 0 0 0 S2
2, 1

S2
2, 2

0 0

0 0 0 0 0 0 S2
1, 1

S2
1, 2

0 0 0 0 0 0 S2
2, 1

S2
2, 2

U9 =

S4
1, 1

 S2
1, 1

S4
1, 1

 S2
1, 2

0 0 S4
1, 2

 S2
1, 1

S4
1, 2

 S2
1, 2

0 0

S4
1, 1

 S2
2, 1

S4
1, 1

 S2
2, 2

0 0 S4
1, 2

 S2
2, 1

S4
1, 2

 S2
2, 2

0 0

0 0 S4
1, 1

 S2
1, 1

S4
1, 1

 S2
1, 2

0 0 S4
1, 2

 S2
1, 1

S4
1, 2

 S2
1, 2

0 0 S4
1, 1

 S2
2, 1

S4
1, 1

 S2
2, 2

0 0 S4
1, 2

 S2
2, 1

S4
1, 2

 S2
2, 2

S4
2, 1

 S2
1, 1

S4
2, 1

 S2
1, 2

0 0 S4
2, 2

 S2
1, 1

S4
2, 2

 S2
1, 2

0 0

S4
2, 1

 S2
2, 1

S4
2, 1

 S2
2, 2

0 0 S4
2, 2

 S2
2, 1

S4
2, 2

 S2
2, 2

0 0

0 0 S4
2, 1

 S2
1, 1

S4
2, 1

 S2
1, 2

0 0 S4
2, 2

 S2
1, 1

S4
2, 2

 S2
1, 2

0 0 S4
2, 1

 S2
2, 1

S4
2, 1

 S2
2, 2

0 0 S4
2, 2

 S2
2, 1

S4
2, 2

 S2
2, 2
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 Stage 10

U10 := U4 :'U10'= U10;

U10 =

1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 0 0 1

0 0 0 0 0 0 1 0

 Stage 11 - last stage

U11 := TP Ι4, M3c : 'U11'= U11;

U11 =

S3
1, 1

S3
1, 2

0 0 0 0 0 0

S3
2, 1

S3
2, 2

0 0 0 0 0 0

0 0 S3
1, 1

S3
1, 2

0 0 0 0

0 0 S3
2, 1

S3
2, 2

0 0 0 0

0 0 0 0 S3
1, 1

S3
1, 2

0 0

0 0 0 0 S3
2, 1

S3
2, 2

0 0

0 0 0 0 0 0 S3
1, 1

S3
1, 2

0 0 0 0 0 0 S3
2, 1

S3
2, 2

 Defining the single-gates Mi

Rz:= α/Matrix e
K I $

α

2 , 0 , 0,e
I $

α

2 :

Ry:= β/Matrix cos
β

2
,Ksin

β

2
, sin

β

2
,cos

β

2
:

S1:= simplify Multiply Ry K
β

2
, Rz K

αCδ

2
;

S1 :=

cos
1
4

 β  e

1
4

 I αCδ
sin

1
4

 β  e
K

1
4

 I αCδ

Ksin
1
4

 β  e

1
4

 I αCδ
cos

1
4

 β  e
K

1
4

 I αCδ
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(21)(21)

S2:= simplify Multiply Rz α , Ry
β

2
: S2 := HermitianTranspose S2;

S2 :=

e
K

1
2

 I α
 cos

1
4

 β e

1
2

 I α
 sin

1
4

 β

Ke
K

1
2

 I α
 sin

1
4

 β e

1
2

 I α
 cos

1
4

 β

S3 := simplify Rz
δKα

2
;

S3 :=
e

1
4

 I KδCα
0

0 e
K

1
4

 I KδCα

S4 := Matrix 1, 0, 0, e
I$

φ

2 ; S4 := HermitianTransposeS4 ;

S4 :=

1 0

0 e

1
2

 I φ

S4 :=

1 0

0 e
K

1
2

 I φ

α := 0 : β :=
π

2
: δ := π : φ :=

π

2
:

 'S1'= S1;'S2'= S2,'S2'=S2;
 'S3'= S3;'S4'= S4,'S4'= S4;

S1=

cos
1
8

 π  
1
2

 2 C
1
2

 I 2 sin
1
8

 π  
1
2

 2 K
1
2

 I 2

Ksin
1
8

 π  
1
2

 2 C
1
2

 I 2 cos
1
8

 π  
1
2

 2 K
1
2

 I 2

S2=

cos
1
8

 π Ksin
1
8

 π

sin
1
8

 π cos
1
8

 π
, S2 =

cos
1
8

 π sin
1
8

 π

Ksin
1
8

 π cos
1
8

 π

S3=

1
2

 2 K
1
2

 I 2 0

0
1
2

 2 C
1
2

 I 2

S4=

1 0

0
1
2

 2 C
1
2

 I 2
, S4 =

1 0

0
1
2

 2 K
1
2

 I 2
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 Determining U

U := simplify Multiply U11, Multiply U10, Multiply U9, Multiply U8, Multiply U7, Multiply U6,
Multiply U5,

                 Multiply U4, Multiply U3, Multiply U2, U1 :'U'= U;

U =

1 0 0 0 0 0 0 0

0 1 0 0 0 0 0 0

0 0 1 0 0 0 0 0

0 0 0 1 0 0 0 0

0 0 0 0 1 0 0 0

0 0 0 0 0 1 0 0

0 0 0 0 0 0 0 1

0 0 0 0 0 0 1 0

 Defining the 3-qubit state vector |ψ0DDDD and  |ψ1DDDD 
                            |ψ1DDDD = U |ψ0DDDD    

CoEffd Ceff 3 :
 Statesd VSte3 :
|ψ0Dd Multiply Ceff 3 , Transpose States 1, 1 ; 
Statesd Multiply U, Transpose States :
|ψ1Dd Multiply CoEff, States 1, 1 ;  

|ψ0D := c
0
 |000DCc

1
 |001DCc

2
 |010DCc

3
 |011DCc

4
 |100DCc

5
 |101DCc

6
 |110DCc

7
 |111D

|ψ1D := c
0
 |000DCc

1
 |001DCc

2
 |010DCc

3
 |011DCc

4
 |100DCc

5
 |101DCc

6
 |111DCc

7
 |110D


