| > restart

[> interfacg warnleve:0) : # Maple12
[ > with( LinearAlgebrg :

V¥ Two-Level Composition of a 3 by 3 Matrix

Two-Level Matrix Composition of a 3 by 3 Matrix
The goal is to generate a set of matrices suchvtha,V,U = I. The Vmatrices are known as
two-level matrices.We will start with a 3 by 3 wary matrix U to illustrate the procedure and tovgho
that these two-level matrices are simple rotatiparators/matrices.
> U= RowOperation ldentityMatrig3), [1, 2]);
I3 :=Multiply (U, HermitianTranspose Y);
010
U=|1100
001
(100
B=|1010 (1.2)
001
> a:= Ul 1, 1]; # the starting point
b:=U[2, 1];
@ = conjugatéa);
4= conjugatéb);
ri=sari(ja” +1b);
a
V1= Matrix(HT, T 0}, [%— Ta’ O}, [0, 0, 1]]); # V1 is the first two— level matrix
v1l:=HermitianTranspose V1
a:=0
b:=1
a:=0
/=1
r=1
010
Vi=(100
001
010
vi={100 (1.2)
001



V Noticetheform of V1

> o=y P+ |y
Matrix(HL, 1, O], [l,— L, 0}, [0, 0, 1]]);
r4 V4 V4 r4
X y 0 ]
I+ ey
y i X 0 (1.1.1)
e+ X
0 0 1_
> pl:=Multiply(VL U);
100
pl:={0 1 0 (1.3)
001

V Noticethat pl equalsthe Identity Matrix, so we could stop at this point
> Multiply(pl, Multiply(V14 U) );

(10 0]
010 (1.2.1)
001

:> Multiply(HermitianTranspose W1 HermitianTranspose pl);

(01 0]
100 (1.2.2)
001

:Our two-level matrix set consists of V1 and pl.'teefine V2 = p1, then our composition
V. vi=U
1V 2




> a:=pl[1, 1j;
c:=pl[3, 1];
@ :=conjugatéa);
c:=conjugatéc);
r:=sqrt(|a®+|¢);
. a a C a
V2:= Matrlx(HT, 0, ?], [0, 1, 0], [T’ 0,— T”);
v2:= HermitianTranspose V2

a=1
c=0
a=1
c=0
r.=1
(10
V2=(0 1
00 -
(10
v2i=(0 1 (1.9
00 -
V Noticetheform of V2
> o=y P4y
Matrix( 1,0,1],[0,1,01,[l,o,—im;
V4 v v v
[ ox o,y
J X2+ 1y J X2+ 1y
0 1 0 (13.2)
Y g x
RS J X



> p2 := Multiply (V2 pl);
0
p2:={0 1 O (1.5)
0 —
:> V3:= HermitianTranspose p2
v3 := HermitianTranspose V3
(10
V3=|01
00 -
(10
v3=(0 1 (1.6)
00 -
:> Multiply (V3, Multiply (V2, Multiply(VL U) ) );
100
010 1.7
001
:> /.= Multiply(v1, Multiply(v2, v3)); # the two— level matrix set
010
//=1100 (1.8)
001
> 'w=U',Equal U 2);
L 2=V, true (1.9
V¥ Two-Level Composition of a4 by 4 Matrix
R Two-Level Composition of a4 by 4 Matrix
:> U := RowOperation IdentityMatrigd), [1, 2]) : U:= RowOperation U[3, 4]);
14 := Multiply(U, HermitianTransposge V);
(010 0]
U= 1000
0001
0010
(100 0]
A= 0100 (2.1
0010
0001




7> a:=UJ[1,1];b:= U[2[, 1]; @:= conjugatea); 4:= conjugatégb); r := sqrt(|a|2+ |b|2);
a b)
Vl::Matrix(HT,T,O, o],[%—%o,o],[o, 0,1,0, [0,0, o,n]);
v1l:=HermitianTranspose V1
a=0
b:=1
a.=0
/=1
r=1
(0100]
1000
V1=
0010
0001
(01 00]
1000
vl:=
0010
0001
> pl:=Multiply(V1 U); _ _
1000
0100
pl:=
0001
0010
V Noticethat pl hasthe proper form for a 4 by 4 matrix, so we could stop at this point
> Matrix([[12,0], [0,M]]); # "proper forn'
12 0
0 M
> Multiply( p1, Multiply(V1, U));
1000
0100
0010
0001
> Multiply(vl, HermitianTranspose pJ); # two— level set
0100
1000
0001
0010

(2.2)

2.3)

(2.1.1)

(2.1.2)

(2.1.3)



> a :=p1[1, 1]; ¢ :=p1[3, 1]; « := conjugatea); <= conjugatec); r := sart(|a® + |d?);
V2= Matrix(H%, o,%, o], [0,1,0,0, [TC 02, o], [0,0,0, 1]]);

v2:= HermitianTranspose V2 p2 := Multiply(V2, pl);
a.=
c:=
a=1
C.=
r.=
(10 0]
01 0
V2=
00-10
00 01
(10 0]
01 0
V2=
00-10
00 1
(100 O]
0. 010 O 2.9)
P10 00 -1 '
001 O

> a '=p2[1, 1]; d :=p2[4, 1]; «:= conjugaté &;«:=conjugatéd);r :=sqrt(|a>+ |d|);

V3:= Matrix(H%, 0, o,f/, ] [0,1,0,0,[0,0,1,0, [% 0, 0~ ?aH)
v3:= HermitianTranspose Vi3

SN 2w
1
P OFr or

(100 O]

010 O
V3=

001 O

000 -1

(2.5)




v3:

(100 O]

000O0-1

010 O
001 O

(2.5)



> p3:= Multiply (V3 p2); _
10 0 O
3= 01 0 O 26)
P>Zloo 0-1 '
00-1 O
[ Second set of operationson the 3 by 3 submatrix
> U2:= SubMatrix p3[2..4],[2..4]);
Multiply (HermitianTranspose U2 U2);
1 0 O
u2={0 0 -1
0-1 0
100
010 (2.7
001
> a:=p3[2, 2]; b :=p3[3, 2]; «:= conjugatéa); 4:= conjugateb); r := sqrt(|a® + |b°);
a b)
V4::Matrix([[1, 0,0, 0, [O,T,T,OHO,%,— ?a,o],[o, 0, o,u]);
v4 = HermitianTranspose W4 p4 := Multiply(V4, p3);
a=1
b:=0
a=1
=0
r=1
(10 00
01 00O
V4=
00-10
00 01
(10 00
01 0O
v4 =
00-10
00 01
(10 00
4= 01 00O 28)
PZloo 01 '
00-10



7> a:=p4[2, 2]; c:=p4[4, 2]; «:= conjugatéa); .= conjugatéc);r := sqrt(|aj2 + |c|2);
a -
V5= Matrix([[l, 0,0, 0, [0,7, o,ﬂ, [0,0,1,0, [0,70, 0,— Ta”)
v5:= HermitianTranspose V5 p5 := Multiply(V5, p4);
a=1
c=0
a=1
c=0
r=1
(100 O]
010 O
V5:=
001 O
000O0-1
(100 O]
010 O
V5=
001 O
000O0-1
(100 0]
-~ 0100 29)
S '
0010
> V6= HermitianTranspose ph
v6 := HermitianTranspose V6 _ _
1000
0100
V6:=
0001
0010
(100 0]
0100
V6= (2.10)
0001
0010
> Multiply (V6, Multiply (V5, Multiply(V4, Multiply (V3, Multiply (V2 Multiply(VL U))))) );
(1000
0100
(2.11)
0010
0001




> U= Multiply(v1, Multiply(v2 Multiply(v3, Multiply(v4, Multiply(v5, v6)))));

(01 00]

1000

U= (2.12)
0001

0010

> 'u=U',Equal U 20);

//=U, true (2.13)

V¥ Another Two-Level Composition of a 4 by 4 Matrix

[
Two-Level Composition of a4 by 4 Matrix
> U= % Matrix([[1, 1,1, 1], [1,I, =1, =11, [1, =1, 1,—-1], [1, =, =1,11]);
14 :=Multiply (U, HermitianTranspose Y);
i 1 1 1
2 2 2 2
101, 1 1,
2 2 2 2
U=
i 1 1 _1
2 2 2 2
11, 1 1,
2 2 2
(1000
0100
A= (31)
0010
0001




7> a:=UJ[1, 1];b:=U[2, 1]; « := conjugatéa);4:= conjugatéb):r := sqrt( |a|2 + |b|2);

V1= simplify( Matrix(H%, ? 0, o], [%,— 20, o], [0,0,1,0,[0,0,0, 1]]) );
v1:=simplify HermitianTranspose V1,

a= —
T2
1
b.—2
2= =
2
1
”"2
r= L /7
2
L7 L7z oo
2 2
1 1
vi=| 5 V2 -5 2 00
0 0 0
0 0 0
Lz Y /7 00
2 2
Lz -tz o00
vi=| 5 5 (3.2)
0 0
0 0 0

> pl:=simplify Mult_iply( Viu));

SVZ V2,102 0 S Z-4 142

4 4 4

o Ltz tyam iz raetz
4 4 2 4 4
pl:= (3.3)

21 1 21
2 2 2

N[ N

1 1
2 2

I
N |




> a:=pl[l, 1;
c:=pl[3, 1];
@ :=conjugatéa);
c:=conjugatéc);
r:=sart(|a®+|¢?);
a C
V2:= simplify( Matrix(HT, O’T' 0}, [0,1,0,0, [% 0,— ?a’ 0}, [0, 0,0, ﬂ]));
v2 := simplify HermitianTranspose V2;
a= = J2
2
C'=i
T2
a;zé JZ
z":i
-2
r=< /3
2
1 1 "
3 J2 J3 0 3 J3 0
0 1 0 0
V2.=
% J3 o0 % JZJ3 0
0 0 0 1
C . :
3 J2 J3 0 3 J3 0
0 1 0 0
V2=
% J3 o % JZJ3 0
0 0 0 1
> p2:= simplify( Multiply( V2 pl));
1 1 1 1
>3 =13 = 3 S 1V3
1 1 1 1 1
o 0 V2512 > V2 s V2t 12
pe-= 1 1 1 1 1
0 ZﬁﬁJrElﬁﬁ—Eﬁﬁzﬁﬁ—Elﬁﬁ
1 21 I L L I
2 2 2 2

(3.4)

(3.5)



> a:=p21,1j
d:=p2[4, 1]
@ :=conjugaté 3;
«#:=conjugatéd);

r:=sqrt(|a®+ |d);

N : a d
V3:= S|mpI|fy( Matrlx( HT 0, O’T'
v3:= simplify HermitianTranspose V3;

,10,1,0,0,[0,0, 1,0, Q' 0,0— —
| k

)

azz%\/?
1
d._2
a=+ 3
2
1
/"2
r=1
1 1
2J?oo 5
V3 0 0 0
a 0 01 0
1 1
5 oo-zﬁ
1 1
2J?oo 5
0 0
v3:=
0 0 0
1 1
5 oo-zﬁ
> p3 := simplify( Multiply( V3 p2) );
1 0 0 0
1 1 1 1 1
0 45—4|ﬁ Zﬁ 4ﬁ+4|ﬁ
p3.= 1 1 1 1 1
ozﬁﬁJrElﬁﬁ-gﬁﬁzﬁﬁ—Elﬁﬁ
0 §|ﬁ %ﬁ -%w?

(3.6)

3.7)



Second set of operationson the 3 by 3 submatrix

:> U2:= simplifyt SubMatrix p3[2..4],[2..4]));
simplify( Multiply( HermitianTranspose U2U2));

TVZ+3 V2

4

12

1
3|J§

1 1 1

2 2—4|ﬁ Zﬁ

U2i=| T VZ B+ 5 IV3VZ -2 V2 V8 £ VZ V-5 1V3 V2

1 1

3|ﬁ 35

100

010

001

> a :=p3[2, 2]; b :=p3[3, 2]; «:= conjugatéa):s:= conjugateb):r := sqrt(|a° + |0}%);

o . a 6 b a
V4 = S|mpI|fy( Matrlx([[l, 0,0, 0, [o, = o], [0,7,— = o], [0, 0,0, 1]}));
v4 = simplify HermitianTranspose V4,
_1 1
a:= - J2 2 | V2
b::%ﬁﬁ+% | V3 V2
1 1
=t yzet gz
4 4
/f::%\/?\/?—% 1 V3 V2
_1
r=- J6
[ 1 0 0 0]
1 1 3 1
0 (4 + |) J3 S 0
VA= 3 1 1 1
0 Z—I-Z | (—Z-l-z |) \/? 0
0 0 0 1
[ 1 0 0 0]
1 1 3 1
0 (4 — |) J3 S 0
va:= 3 1 1 1
0 Z-{-Z | (_Z__ |) \/? 0
0 0 1

(3.8)

(3.9)



> p4:=simplify Multiplyt V4 p3))
1 0

0

olvzvziizvz iz

0

4=
Zlo o 1z Lz
2 2
0 $I1V3 V3 -2V
> a:=p4[2,2],c:=p4[4, 2], a: —conjugatea)c ‘= conjugatéc);r := sq (|aj +|c|
V5—S|mpllfy(Matr|x([[l 0,0, 0, [o <o, —] [0,0,1,0, [ L ——”))
v5 := simplify( HermitianTranspose V5 ;
=S VZ V3
_1
c== 1J3
3
a=3 VZ 3
c=-3 13
r:=
1 0 0
1 1
0 S VZJVT 0 £ 1V3
V5=
0 1 0
0 S 1V3 0-3VZ V3
1 0 0
1 1
0 3 V2 3 0 -= 13
v5:=
0 1 0
1 1
0 3 1V3 0 3 J2 V3

:> p5 := simplify( Multiply( V5 p4) ); #l\_lotice we have the proper fc_)rm for a 4 by 4 .4 .défine V6 = p5

10
01

p5:=

N [

I\Jll—\

0
0

7z
7

N[~ N[

0
0

=
V2

(3.10)

(3.12)

(3.12)



> V6= simplify( HermitianTranspose pP9;
v6 := simplify( HermitianTranspose V6; # which is actually p5
0
0
— 1 1
V6:=10 0 > J2 oy J2
00-=1J2 -=1J2
2 2
1 0 0
0 0 0
ve:=l00 22 5172 (3.13)
00-+JyZ L1z
2 2
> simplify( Multiply( V6 Multiply (V5, Multiply (V4, Multiply (V3, Multiply (V2, Multiply(VL U)))))));
(100 0]
0100
(3.19)
0010
0001
> U= simplify( Multiply( v1, Multiply (v2, Multiply (v3, Multiply(v4, Multiply(v5,v6))))));
(101 1 1
2 2 2 2
101, 1 1,
2 2 2 2
11 1 1
2 2 2 2
101, 1 1,
2 2 2 2
> 'u/=U',Equal U 2);
| /=U, true (3.16)



