| > restart:

> interfacg warnlevet0) : # M aple 12

[ > with( LinearAlgebrg :
| > with(Bits) :

1 2 4
control & control I target F control r
cantrol & target control L caontrol £
target e control I control ® target a5

5 b Fi g8
control I target R control ——————— control ——O———
target I control £} control —C—— control ———@——
control . control 1 target — target —

g 10 11 12
control control target ——FH——— target -
target target control ——(C»——— control &
cantrol control control ——@—— control O

[> TP := proc(M1, M2) return KroneckerProduat MIM2) end proc:
> VSte:= proc(n) # Generates a list of computational states forubits

local i, L; #eg. n=2= | 100) [01) |10/ |11/ |
L := Matrix(1, 2");
Setting$ defaultbits n);

for i from 1t02" do
L[1,i] := cat( |, String( i — 1, msbfirsy, ")");

end do;
# print(L);
returnlL, # returns Matrix L
L end proc:
> Ceff:=proc(n)
locali, L; # Generatesalist of computational state coefficientsfor n qubits
L := Matrix(1, 2"); # eg. n=2=[GCy CyC3]
for i from 1to2" do
L[1,i]:=c[i—1]; # c[i-1] represents the coefficienit C
end do;
# print(L);
returnlL; # returns Matrix L

end proc:



Defining the 3-qubit state vector |y and |y,)
|\|’1> =U |‘|’0>

> CoEff:= Ceff(3) :

States= VSt€3) :

|¥0) := Multiply(Ceff(3), Transposé VSt8)))[1, 1];

|¥0):= ¢, |000/+ ¢, |001)+ ¢, |010)+ ¢; [011)+ ¢, [100) + ¢ |[101)+ ¢4 [110)+ ¢, |[111)

> P := ldentityMatrix(2); # generates a 2 by 2 identity matrix
10

01

> B :=ldentityMatrix(8); # generatesa 8 by 8 identity rr_latrix
1 0000O0

o O O O O O O
O O r O O O O

O r O O O O O
= O O O O O O O

o O O O O O +—» O
o O O O o » O O
o O O O » O O

o O O O O o o

> Ux:= RowOperation2, [1, 2]);

c
X
[l
= O
o

> T1 := RowOperation(B, [7,8]); #swaps rows 7 and 8
S:= Multiply(T1, Transpos¢ States :

|y0) = |y0),
|yd) := Multiply(CoEff S)[1, 1];

T1:=

o O O O O O Bk
O O O O o +~» O
o O OO O »r O O
o O ©O »r O O O
O O O B O O O O
o O r O O O O O
o O O O O o o
R O O O O o o

0000 10
|y0):= ¢, |000)+ c1|001,)+c2|01c3)+c3|011,)+ c4|1oo)%c5|101)+ s 1110)+ ¢, |111)
|yd):= c,]000)+ ¢, |001)+ ¢, 010/ + ¢, |011)+ ¢, |100/+ ¢ [101)+ ¢4 |111)+ ¢, |110)

@
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> T2 := RowOperation(8, [6, 8]); # swaps rows 6 and 8
N

S—Multlply(TZTranspose States : 1W0) = "|y0/; ;//l) := Multiply(CoEff S)[1, 1];
100000O00O
01000000
00100000
1o 00010000
00001000
00000O0O01
00000010
00000100

|40):= G4 [000)+ ¢, [001)+ C, [010)+ ¢ [011)+ ¢, |100)+ 5 |[101)+ G [110)+ ¢, [111)
|y1):= ¢, |000)+ ¢, [001)+ ¢, [010)+ ¢, [011)+ ¢, |100)+ ¢ [111)+ ¢4 |110)+ ¢, |10

:> T3 := RowOperation( B, [4, 8]); #swaps rows 4 and 8
S := Multiply(T3 Transpose States : 1W0) =" yo/; |l//1)_:= Multiply(CoEff S)[1, 1];

10000000
01000000O0
00100000
T3 00000O0O012
00001000
00000100
00000010
00010000

|0):= 6,000+ ¢, [001)+ ¢, [010)+ ¢4 [011)+ ¢, [100)+ ¢, [101)+ ¢, [110)+ ¢, [111)
|Y1):= ¢ |000)+ ¢, [001)+ ¢, [010)+ ¢, |111)+ ¢, |100)+ ¢ [101)+ ¢4 |110)+ ¢, [011)

:> T4 := RowOperation( B, [1, 2]); #swaps rows 1 and 2
S := Multiply(T4, Transposé Stat¢$ : 1W0) = "|y0/; ‘|;//l)_:= Multiply (CoEff S)[1, 17;

01000000
10000000
00100000
T4 00010000
00001000
00000100
00000010
00000O0O01

|40):= ¢, 000+ ¢, [001)+ C, [010)+ ¢, [011)+ ¢, [100)+ ¢, [101)+ ¢, [110)+ ¢, [111)
|y1):=c,|001)+ ¢, |000/+ ¢, [010)+ ¢;|011) + ¢, [100) + ¢ [101)+ ¢4 [110)+ ¢, |111)

(6)

()
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> T5:= RowOperation( 8, [1, 3]); #swaps rows 1 and 3
S := Multiply(T5 Transpos¢ Statgs: |W0) = "|y0/; |vl) = Multiply(CoEff S)[1, 1];

00100000
01000000
10000000
— 00010000
00001000
00000100
00000O01O0
00000O0O01

|10):= ¢, |000)+ ¢, [001)+ ¢, [010)+ ¢, [011)+ ¢, |100)+ ¢ [101) + ¢4 |110)+ ¢, [111)
|yd):=c,|010/+ ¢, |001)+ ¢, |000)+ ¢, [011)+ ¢, [100) + ¢ |[101)+ ¢4 [110)+ ¢, |[111)

:> T6 := RowOperation( B, [1, 5]); #swaps rows 1 and 5
S := Multiply(T6, Transpos¢ Statgs: 1W0) =" yo/; |l//1):_= Multiply(CoEff S)[1, 1];

00001000
01000000O0
00100000
6 00010000
10000000
00000100
00000010
00000O0O01

|0):= 6,000+ ¢, [001)+ ¢, [010)+ ¢4 [011)+ ¢, [100)+ ¢, [101)+ ¢, [110)+ ¢, [111)
|yA):= ¢, [100)+ ¢, [001)+ ¢, [010)+ ¢, [011)+ ¢, [000)+ C; [101)+ ¢, [110)+ ¢, [111)

:> T7 := RowOperation(B, [5, 6]); # swaps rows 5 and 6
S := Multiply(T7, Transposé Stat¢$ : |W0) = "|y0/; |yl) i= Multiply (CoEff ) [1, 1];

10000000
01000000O0
00100000
7. 00010000
00000100
00001000
00000010
00000O0O01

|40):= ¢, 000+ ¢, [001)+ C, [010)+ ¢, [011)+ ¢, [100)+ ¢, [101)+ ¢, [110)+ ¢, [111)
|y1):= c,|000)+ ¢, |001)+ ¢, [010)+ ¢4 |011) + ¢, |101)+ ¢ [100/+ ¢4 [110)+ ¢, |111)

©)

(10)

(11)



> T8:= RowOperation(B, [3,4]); #swaps rows 3 and 4
S := Multiply(T8 Transpos¢ Statgs: |W0) = "|y0/; |vl) = Multiply(CoEff S)[1, 1];

10000000
01000000
00010000
Tg= 00100000
00001000
00000100
00000O01O0
00000O0O01

|40):= G4 [000)+ ¢, [001)+ C, [010)+ ¢ [011)+ ¢, |100)+ 5 |[101)+ G [110)+ ¢, [111)
|y1):= ¢, [000)+ ¢, [001)+ ¢, [011)+ ¢, [010)+ ¢, |100) + ¢, [101)+ ¢4 |110)+ ¢, [111)

:> T9 := RowOperation( B, [5, 71); # swaps rows 5 and 7
S := Multiply(T9, Transpos¢ Statgs: 1W0) =" yo/; |l//1):_= Multiply(CoEff S)[1, 1];

10000000
01000000O0
00100000
19 00010000
00000O01O0
00000100
00001000
00000O0O01

|0):= 6,000+ ¢, [001)+ ¢, [010)+ ¢4 [011)+ ¢, [100)+ ¢, [101)+ ¢, [110)+ ¢, [111)
|Y1):= ¢ |000)+ ¢, [001)+ ¢, [010)+ ¢, [011)+ ¢, [110)+ ¢ [101) + ¢4 |100)+ ¢, [111)

:> T10 := RowOperation(B, [2, 4]); # swaps rows 2 and 4
S := Multiply(T1Q Transpos¢ Stat¢$ : |W0) = "|y0/; |yl) i= Multiply(CoEff ) [1, 1];

0 00O

T10:=

O O O O O O
O O O O » O O
o O O O » O O
o O O O o +» O
o O O O O O O
O r O O O O
= O O O O O
o O O O O O

0 00 001
|40):= ¢, 000+ ¢, [001)+ C, [010)+ ¢, [011)+ ¢, [100)+ ¢, [101)+ ¢, [110)+ ¢, [111)
|y1):= c,|000)+ ¢, [011)+ ¢, |010)+ ¢4 |001) + ¢, [100) + 5 [101)+ ¢4 [110)+ ¢, |111)

(12)

(13)

(14)



> T11:= RowOperation(B, [2, 6]); # swaps rows 2 and 6
S := Multiply(T11, Transposeé Stat¢$ : |W0) = "|y0/; |vl) i= Multiply(CoEff S)[1, 1];

0 00O

T11:=

©O O 0o o o o

©O O r O O O O
O O O 0o r O O
©o o o r o o ol

©O O 0o r OO O O
©O ©o o o o r
~ O O O o o
O o o o o o

0 00 001
|10):= ¢, |000)+ ¢, [001)+ ¢, [010)+ ¢, [011)+ ¢, |100)+ ¢ [101) + ¢4 |110)+ ¢, [111)
|yd):= ¢, |000/+ ¢, [101)+ ¢, 010/ + ¢, [011)+ ¢, [100) + ¢ |001)+ ¢ [110)+ ¢, |[111)

:> T12 := RowOperation(8, [3, 7]); #swaps rows 3 and 7
S:= Multiply(T12 Transposé¢ States$:
|¥0) = "|y0);
| yl):= Multiply(CoEff S)[1, 1];

T12:=

O O O O O O
o O O O O O +» O
O O O O o o
o O O »r O O O
o O O B O O O O
SO B O O O O O
o O O O » O O
o O O O O o o

00000001
|0):= 6,000+ ¢, [001)+ ¢, [010)+ ¢4 [011)+ ¢, [100)+ ¢, [101)+ ¢, [110)+ ¢, [111)
ly1):= ¢,|000/+ ¢, [001)+ ¢, |110)+ ¢;|011)+ ¢, [100) + ¢ |[101)+ ¢4 [010) + ¢, |[111)

(15)

(16)



Other versions of the Toffoli gate

U@ U U@ U
U—@—Y, L
Pl I ™
L L/
— UK & Ux
£y
WL
:> M1:=TP(Ux TP(Ux 2)) : # Comparewith T4
G1 := Multiply(M1, Multiply(T1, M1) );
S = Mu Itlply(Gl Transposé States:
[y0) = "|y0);
| )zMuItlpIy(CoEff S)[1,17; _ _
010000O00O0
10000000
00100000
00010000
Gl:=
00001000
000O0OO0O1O00O0
000O0OO0OO01O0
00000O0O01

|40):= ¢, |000)+ ¢, [001)+ ¢, [010)+ ¢, [011)+ ¢, |100)+ ¢ [101) + ¢4 |110)+ ¢, [111)
|y1):=c,|001)+ ¢, |000)+ ¢, |010)+ c; [011)+ ¢, [100) + ¢ |[101)+ ¢4 [110)+ ¢, |[111) (17)




> M2:=TP(UxTP(2,R)) : # Comparewith T8
G2 := Multiply (M2, Multiply(T1, M2) );
S := Multiply(G2 Transposé States:
[y0) = "|y0);
|yd):= Multiply(CoEff S)[1, 17;

O O O O O O
o O O O o +» O
o O O O O O
o O O O » O O
o O O B O O O O
O »r O O O O O
= O O O O o o
R O O O O OO o o

00O00O 00
|y0):= ¢, |000)+ ¢, |001)+ ¢, [010)+ ¢4 |011) + ¢, [100) + ¢ [101)+ ¢4 [110)+ ¢, |111)
ly1):=¢,|000/+ ¢, [001)+ ¢, [011)+ ¢, |010)+ ¢, [100) + ¢ |[101)+ ¢4 [110)+ ¢, |[111)
> M3:= TP(R2, TP(UxR)) : # Comparewith T7

G3:= Multiply (M3, Multiply(T1, M3) );

S = Multlply(Ga Transposé States:

w0/ = "|y0);
Il%l) = Multlply(CoEff S)[1,1];

G3:=

O O O O O O B
O O O o o +» O
o O O O » O O
O O O O O O
O O B O O O O O
o O O O O O
R O O O O o o
O O O o o o o

_O 00O 00 1_
|y0):= ¢,|000)+ ¢, |001)+ ¢, [010)+ ¢4 |011) + ¢, [100) + ¢4 [101)+ ¢4 [110)+ ¢, |111)
|y1):= ¢, [000)+ ¢, [001)+ ¢, [010)+ ¢, [011+ ¢, |10+ ¢, [100)+ ¢4 |110)+ ¢, [111)

(18)

(19)



