[> restart;
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The procedure W3j is derived from the C progdmacribed by William J. Thompson.
William J. Thompson, Angular Momentum: An litteged Guide to Rotational Symmetries for Phys&adtems,
John Wiley and Sons Inc., 1994

Addition of Three Angular Momenta

Using Racah's formula to determine Wigne8j coeficients

jl j2 j3 j,—i,—m
=(-n* % 3®.N-s
m1 m2 m3

/ (J3+j1—j2)1(j3 —j1 +j2)!(j1 +j2 —j3)!(j3 —m3)!(j3 + m3)!
(JL+24+B3+D!1jL -mD!(jl +mD)!(j2 —m2)!(j2 + m2)!

kmn+]2+m2(

s Z i24+i3+ml—k)!(L —ml+Kk)!
kmin ( 13_11+12 K)!'(j3—m3-Kk!(k+jl—j2+m3)!

where
kmin = maximun ¢f abdj2 —j1 —m3]and kmax = minimumof j3-j1 +j2 andj3 —m3]

Clebsch-Gordan, C-G, Coefficients from Wigner 3j Cefficients
- +j,—m jl j2 j3
. L _ 1 2 35071
Qlyjzumlymzhlujzrjgum3> - ( - l) 2]3 +1
m m, -my
**** Note that we are using the following conventions **

coefficient {actn,m,m} = (a,bm,mJa,b;cm)
C-G value [+N]/ N




' This procedure determines the Wigner 3] coefficienusing Racah's formula

:> W3j :=proc(j1, j2, j3, ml, m2, m3
local k, kmin, kmax, N, S, P;

kmin := max 0, j2—j1 —m3);
kmax := min( j3—j1 +j2, j3—m3);
p.— (_1)(j1—j2—m3).

sz/ (3+j1—j2)'(3 —j1+j2)! (L +j2 —j3)!(j3 —m3)1(j3 + m3)! .
GL+2+i3+1)!(1 - mL!({l+mD)!([j2 —m2)!([2 +m2)!

kmax

(-1)KT2+M2) 5 4 i3 4 m1—Kk)!(j1 —ml+K)!

S:== - . : . . . ;
k=tmin (K13 —j1+j2 - K)!1(j83 —m3-Kk)!(k+j1—j2+m3)!

return (P-N-S);
endproc:

This procedure returns a signed squared coefficn.
i &/n =ta’n==N
> SQ:=proc(n)

localsign;
if (evalf (n) < 0) thensign :=-1 elsesign := 1 endif;
return (sign-simplify((n-n)));

endproc:

This procedure determines the value of the CG coaéients; e.g., (j1,j2;m1,m2]j1,j2;j12,m12)
(j1,j2;m1,m2]j1,j2;j12,m12) = [+ N]

[N+ N

> VCo :=proc(j1,j2,j3,j12,J, M

localml, m2, m3, m12, cl, c2, s;

S:i= "= ";

for mlfrom -j1 by 1tojldo

for m2from -j2 by 1to j2do
for m12from -j12by1tojl2do
for m3from -j3by 1toj3do
if (ml+m2) =ml2and (ml124+ m3) =M then # selection rule
cl:= (-1)( TR =M U T Waj (1, )2, 12, ml, m2,-ml2);
c2:= (-1)MTBR =ML W3 (j12,j3, 3, m12, m3,-M);
pritf " %s[%a]",s SQ(cl-c2) );
printf "|%aa%oa;%a,%a,%a \n", 1,2, |3, ml, m2, m3);
S="4"
endif;
enddo;
enddo;
enddo;
enddo;
print( );
endproc:




This procedure returns the product of the CG coeffiients and the state [j1,j2,j3:m1,m2,mB
{i1,j2,j12,m1,m2,m12}j12mj3,J,m12,md1} |j1,j2,j3:m1,m2,m3)

where j1E+j2andJ=j12 +j3
ml2 = {j12, j12 1,....,-j12}=ml+m2
M={J,J-1,. —J}:m12+m3
> Co :=proc(jl, j2,j3,j12,J, M
Iocalml m2 m3, m12, c, s,
S "
prlntt |%a,%a,%a;%a,%a,%a1", i1,j2,)3,j12, 3, M);
for mlfrom -jl by 1tojldo
for m2from -j2 by 1to j2do
for ml1l2from -j12by 1tojl2do
for m3from -j3by 1toj3do
if (ml14+m2) =ml2and (m12+ m3) =M then # selection rule
pringf " %s{%a,%a,%@&,%a,%a}", s, |1, 2, j12, m1l, m2, m1)2
printf “{%a,%a,%a,%a,%a,%3}2, j3, J, m12, m3, M);
printf "|%a,%a,%a;%a,%a%0a", j1, j2, j3, m1, m2, m3;
S:="4"
endif;
enddo;
enddo;
enddo;
enddo;
endproc:

Main procedure. Add3j adds three angular momenta Add2j(j1,j2,j3)
using the coupling scheme j1 +j2 =j12 and1+j3 = J

i1 < j12 < (j1+)2)
ml2 ={j322-1,j12-2, ..., -j12}

IJliB{{ <
> Add3j == proc(jl, j2, j3)
localc, j12, J, M;
printf ("\n There are %a [j1,j2,j3;j12,J;Mstates where,\n\n(, 2t 1)-(2j2+1)-(2j3
+1))
print(" ]j1,j2,j3;j12,3,M> =2{j1,j2,j12,m1,m2,m12}j12,j3,J,m12,m3,M}|j1,j2,j3,lam2,m3>

(112 +3)

<
J- )

J
1,

")
c:= 0: #counter
for j12from (j1+j2) by -1to|j1—j2 do
for Jfrom (j12+j3) by -1to|j3 —j12 do
for Mfrom Jby -1to -Jdo
c:=c+ 1:printf ("%a.",c);
Xo(j1,j2,j3,j12,J, M);
VCo(jL,j2,j3,j12,J,M);
enddo;
enddo;
enddo;
endproc:




L
[Example:

(1 1 1),
>Add3](2,2,2),
There are 8 |j1,)2,j3;j12,J, M> states where,

" 111,j2,i3:;j12,d,M> = 3{j1,j2,j12,m1,m2,m12}j12,j3,3,m12,m3,M}|j1,j2,j3,mam2,m3> "
1.11/2,1/2,1/2;1,3/ 2,3/ 2>

={1/2,1/2,1,1/2,1/2,1}{1,1/2,3/2,1,1/2,3/2}| 1/ 2,1/ 2,1/ 2; 1/ 2, 1/ 2, 1/ 2>

= [1]]1/2,1/2,1/2;1/2,1/2, 1/ 2>

2.11/2,1/2,1/2;1,3/ 2,1/ 2>
= {1/2,1/2,1,-1/2,1/2,0}{1,1/2,3/2,0,1/2,1/2}| 1/ 2,1/ 2,1/ 2; -1/ 2, 1/ 2, 1/ 2>

{1/2,1/2,1,1/2,-1/2,0}{1,1/2,3/2,0,1/2,1/2}| 1/ 2,1/ 2,1/ 2; 1/ 2, -1/ 2, 1/ 2>

(1/2,1/2,1,1/2,1/2,1}{1,1/2,3/2,1,-1/2,1/2}| 1/ 2,1/ 2,1/ 2; 1/ 2,1/ 2, - 1/ 2>

[1/3]|1/2,1/2,1/2;-1/2,1/2, 1/ 2>

[1/3]|1/2,1/2,1/2;1/2,-1/2,1/ 2>

[1/3]|1/2,1/2,1/2;1/2,1/2, -1/ 2>

n + +

+ +

3.11/2,1/2,1/2;1,3/2,-1/ 2>
={1/2,1/2,1,-1/2,-1/2,-1}{1,1/2,3/2,-1,1/2,-1/2}| 1/ 2,1/ 2,1/ 2; -1/ 2, - 1/ 2, 1/ 2>

{1/2,1/2,1,-1/2,1/2,0}{1,1/2,3/2,0,-1/2,-1/2}| 1/ 2,1/ 2,1/ 2; -1/ 2, 1/ 2, - 1/ 2>

{1/2,1/2,1,1/2,-1/2,0}{1,1/2,3/2,0,-1/2,-1/2}| 1/ 2,1/ 2,1/ 2; 1/ 2, -1/ 2, - 1/ 2>

[1/3]|1/2,1/2,1/2;-1/2,-1/ 2,1/ 2>

[1/3]|1/2,1/2,1/2;-1/2,1/2, -1/ 2>

[1/3]|1/2,1/2,1/2;1/2,-1/2, -1/ 2>

+ +

+ +

4.11/2,1/2,1/2;1,3/2,-3/ 2>
={1/2,1/2,1,-1/2,-1/2,-1}{1,1/2,3/2,-1,-1/2,-3/2}| 1/ 2,1/ 2,1/ 2; -1/ 2, -1/ 2, - 1/ 2>
= [1]|1/2,1/2,1/2;-1/2,-1/2, -1/ 2>

)]

1 1/2,1/2,1/2;1,1/ 2,1/ 2>
={1/2,1/2,1,-1/2,1/2,0}{1,1/2,1/2,0,1/2,1/2}| 1/ 2,1/ 2,1/ 2; -1/ 2, 1/ 2, 1/ 2>

{1/2,1/2,1,1/2,-1/2,0}{1,1/2,1/2,0,1/2,1/2}| 1/ 2,1/ 2,1/ 2; 1/ 2, -1/ 2, 1/ 2>

{(1/2,1/2,1,1/2,1/2,1}{1,1/2,1/2,1,-1/2,1/2}| 1/ 2,1/ 2,1/ 2; 1/ 2, 1/ 2, - 1/ 2>

[-1/6]|1/2,1/2,1/2;-1/2,1/2, 1/ 2>

[-1/6]|1/2,1/2,1/2;1/2,-1/2, 1/ 2>

[2/3]|1/2,1/2,1/2;1/2,1/ 2, -1/ 2>

In + +

+ +

6.11/2,1/2,1/2;1,1/2,-1/ 2>
={1/2,1/2,1,-1/2,-1/2,-1}{1,1/2,1/2,-1,1/2,-1/2}| 1/ 2,1/ 2,1/ 2; -1/ 2, -1/ 2, 1/ 2>
+{1/2,1/2,1,-1/2,1/2,0}{1,1/2,1/2,0,-1/2,-1/2}| 1/ 2,1/ 2,1/ 2; -1/ 2, 1/ 2, - 1/ 2>

{1/2,1/2,1,1/2,-1/2,0}{1,1/2,1/2,0,-1/2,-1/2}| 1/ 2,1/ 2,1/ 2; 1/ 2, -1/ 2, - 1/ 2>

[-2/3]|1/2,1/2,1/2;-1/2,-1/ 2, 1/ 2>

[1/6]|1/2,1/2,1/2;-1/2,1/2, -1/ 2>

[1/6]|1/2,1/2,1/2;1/2,-1/2, -1/ 2>

+

+ +



7.011/2,1/2,1/2;0,1/ 2, 1/ 2>
={1/2,1/2,0,-1/2,1/2,0}{0,1/2,1/2,0,1/2,1/2} | 1/2,1/ 2,1/ 2; -1/ 2,1/ 2, 1/ 2>

{1/2,1/2,0,1/2,-1/2,0}{0,1/2,1/2,0,1/2,1/2}| 1/ 2,1/2,1/2; 1/ 2, -1/ 2, 1/ 2>

[-1/2]|1/2,1/2,1/2;-1/2,1/2, 1/ 2>

[1/2]11/2,1/2,1/2;1/2,-1/2, 1/ 2>

I+

+

8.11/2,1/2,1/2;0,1/2, -1/ 2>
={1/2,1/2,0,-1/2,1/2,0}{0,1/2,1/2,0,-1/2,-1/2}| 1/ 2,1/ 2,1/ 2; -1/ 2, 1/ 2, - 1/ 2>
+{1/2,1/2,0,1/2,-1/2,0}{0,1/2,1/2,0,-1/2,-1/2}| 1/ 2,1/ 2,1/ 2; 1/ 2, -1/ 2, - 1/ 2>

[-1/2]|1/2,1/2,1/2;-1/2,1/2, -1/ 2>

[1/2]]11/2,1/2,1/2;1/2,-1/2, -1/ 2>

+

1)



