| > restart

> interface warnlevet0) : # Maple 12
> with(LinearAlgebra :

> with( plots) :

This is Problem 5 from Chapter 3
i Defining the K operator/matrix in the standard bass {x, y, z}

"> K:=Matrix([[1, 0, 1], [0, 1, 0], [1, 0, 1]]):
101

K:=[010 (1)
101

Finding the roots of the characteristic polynomial(CP) to obtain the eigenvalues of matrix K

7> CharacteristicPolynomidl K\); # the polynomialin termsof A

factor(%); factor the polynomial
solve %=0,[A]); #he root of the polynomial by solving CP=0
-3 +2 4
Ar(A—1) (A—2)
[[A=0], [A=1], [A=2]] 2

Determining the eigenvalues and eigenvectors of miat H using Maple's Eigenvectors() function

> L :=Eigenvectors K: # a list of the eigenvalueswith their correspondingeigenvectors
print(eigenvalue=L[1][1], eigenvector[2][1..3, 1]);
print(eigenvalue=L[1][2], eigenvectorL[2][1..3, 2] );
print(eigenvalue=L[1][3], eigenvectorL[2][1..3, 3]);

eigenvalue= 0, eigenvector| O

eigenvalues 2, eigenvector

©)

eigenvalue= 1, eigenvector

o r O = O Bk



[ Defining the state vectory) = Y in the standard basis {x, y, z}

> Y= L-Vector([O, 1, 1));
J2
0
1
Yi=| 2 V2 (4)
1
2 \/?
Calculating the Expectation Value{K) = (y|K|y)
:> 'E Valué=Multiply(Transposé¢ Y, Multiply(K, Y) );
i E Value=1 (5)
Defining the matrix S'as the transformation matrix from basis{u,, u, U} to basis {x, y, z}.
i The columns of the matrix are the vectors,uu,, u,
ol 1 .
> ul= ( Norm( L[2][1..3, 1], Euclidean ) (LI2]tL.3, )3
_ 1 _ :
uz:= ( Norm( L[2][1..3, 2], Euclidean ) (LE2]tL-3,2);
— 1 , Q. - :
u3 = ( Nown L2111 3.3 Euciidear ) (LI2][1.3,3); = Maui([uL, u2, u3));
1
- \/?
ul:= 0
1
2 V2
q .
2 V2
uz2.= 0
1
2 V2
0
ud:=| 1
0
LJz 2 JzZ o
2 2
S:= 0 0 1 (6)
V7 S 7o




Defining the transformation matrix S from basis {x y, z} to basis {\, v,, v3}

> S:= MatrixInverseg S);

[

Lz otz
2 2
STl 2z 02z
2 2
0 1 0
> 'S S=Multiply( S, S);
100
$§S=(010
001
The transpose of matrix
> ST:=Transposes);
_ 1 JZ 0 1 JZ
2 2
St=l L3 0t 2
2 2
0 1 0

Matrix S is an orthogonal matrix

The column inner product of matrix S is zero; colunms are orthogonal
> '<Cl|(‘2>'= DotProduct $1..3, 1], S5[1..3, 2));
<c]J(‘3> =DotProduct $1..3, 1], §[1..3, 3]);
<c2|(‘3> =DotProduct $1..3, 2], §[1..3, 3]);
(c ljc 2=0
(c 1lc 3y=0
(c2Ic 3=0
The row inner product of matrix S is also zero.
> '<r]Jr2>': DotProduct $1,1..3],5[2,1..3));
'<r]Jr3>' =DotProduct $1,1..3], S[3, 1..3]);
'<rjr3>' =DotProduct $2,1..3], S[3, 1..3]);
(r 4r 2=0
(r 1Ir 3 =0
(r2Ir 3=0

(7)

(8)

9)

(10)

(11)



[ The length of the columns and rows of matrix S is 1
> print(‘” Cl|| "=Norm( §1..3, 1], Euclidean );
print(‘” 02” "=Norm( §1..3, 2], Euclidean );
print(‘” (‘3” "=Norm( §1..3, 3], Euclidean );print( );
print(‘” r1|| "=Norm( §1, 1..3], Euclidean );
print(‘” r2|| "=Norm( §2, 1..3], Euclidean );
print(‘” r3|| "=Norm( §3, 1..3], Euclidean );

llc1|[=1
llc2|[=1
lle3|[=1
lIr1]| =1
lIr2]| =1
lIr3]| =1 (12)

| The inverse of an orthogonal matrix is its own trasposeThus St= &
[Defining the state vectory') =Y in the new basis {y, u,, u}

> V:=Multiply(S Y);
1
2
1
V= 5 (13)
1
2 yz
N Changing from one basis to another
wl) =Sip)
B w =S'iy)=S)
> V= Multiply(S Y);
1
2
1
V= 5 (14)
1
2 \/?
> Y:=Multiply(S, V); _
0
1
v=| 2 V2 (15)
1
2 V2




7Determining the operatorKin the {u,, u,, u;} basis:
L K=S-K -st
> K= Multiply (S Multiply (K, 5));
000

K=1020 (16)
001

The main diagonal lists the eigenvalues

I

Calculating the Expectation Value in the ew basis {y, u,, ug}: (k) =(y'|K|y")
> 'E Value= Multiply(Transpose V), Multiply (/4 V) );

E Value=1 (17)

Define the basis vectors:
basisset 1 { X, Yy, z}; the staaud basis
basis set 2 { ul, u2, u3}
Notice that these are orthogonal bases:xy=x-z=y-z=0
L uk u2=ul-u3=u2- u3=0
> el:=Vectof[ 1,0,0) :e2:=Vectot[ 0,1, 0) :
e3:=Vectof[ 0,0,1) :u2:=Vecto[ 0,1,0) :

1 1
ul:=——-Vecton([1,0,1) :u3:=——- Vecton[ — 1,0, 1)) :
V2 V2

[Plotting the standard basis { x,y, z }
> sp:=plottoolq spherg [0, 0, 0], 2, style=point, color=gray) :
X :=arrow( el, color=redyidth=0.05) :y := arrow( e2, color =greenyidth=0.05) :
z ;= arrow e3, color =bluayidth=0.05) :
display([ x, Y, z,sp], axes = normal, scaling = constrained, tickmarks = 2,]1208entation=[18, 42]);




[Plotting basis {v1, v2,v3}
> @l :=arrow ul, color brown width=0.05) :
g2 := arrow u2, color green width=0.05) :
g3 := arrow u3, color = magentayidth=0.05) :
a:= arrovx( 2.2 ul, color =black width=0.05,shape= arrow, head_lengtl= 0.1,head_width= 0.1) :

b:= arrow( 2.2 u2, color =black width=0.05,shape= arrow, head_lengtl= 0.1,head_width= 0.1) :
C:= arroy 2.2- u3, color =black width=0.05,shape=arrow, head_lengtl= 0.1,head_width= O.l) :
d:= arrow — 2.2- ul, color =black width=0.05,shape= arrow, head_length=0.1,head_width= 0.1) :
e:=arow — 2.2- u2, color =black width=0.05,shape= arrow, head_length= 0.1,head_width= 0.1) :
f= arrow( — 2.2 u3, color =black width=0.05,shape= arrow, head_length= 0.1,head_width= 0.1) ;
display([ g1, g2, 93a, b, ¢, d, g f, sp], axes =none scaling = constrainedprientation=[ 18, 42]);

/




| Plotting the state vector Y and the standard basis
> ay:=arrow(Y, color=black) : display [X, Y, z,ay, spl, axes = normal, scaling = constrained, tickmarks = 2,
2, 2], orientation=[18, 42]);




[Plotting the state vector Y and basis { ul, u2, ug
> display([ 91, g2, q3a, b, ¢, d, e f, ay, sp], axes =none scaling = constrainedprientation= [ 18, 42]);

f




| Plotting the state vector Y and both bases
> display([ x, Y, z, 91, g2, g3y, sp], axes =none scaling = constrainedyrientation=[18, 42]);




> display([ x, Y, z, 91, 92, g3, b, ¢, d, g f, ay, sp], axes =normal tickmarks= [0, 0, 0,
scaling = constrainedientation= [ 18, 42]);




